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I. GAUGE-INVARIANT DEFINITIONS OF UNPOLARIZED PDFS

The gauge-invariant definitions of unpolarized PDFs are
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where the subscript ¢ means quark of flavor i, and the superscript j = (1,2) is the trans-
verse Lorentz index of gluon field strength and is summed over. |P) is the proton (or any
hadron/elementary target) state with momentum P. The spin state is not specified; in
fact, the expectation values of unpolarized PDF operators do not depend on the spin of the
target: one can use any pure spin state, or average (weighted or unweighted) over the spin
states.

Some points to note here:

a. Light-Cone Coordinates. We are using light-cone coordinates defined using two
light-cone vectors

1 1
n* = —(1,0,0,—1), 7* = —(1,0,0, 1
\/5( ) \/5( )

For a general 4-vector V#, we define
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We generally write V = (VT V=, V). Son = (07,17,07), n = (17,07,07). The inner

Vi=n V=

product of two Lorentz vectors V and W is
V-W=VTW +V Wt -V Wy, (3)

and in particular,

VE=2VtV- — Vi (4)

b. Dimension counting. Since we will perform the calculation in d-dimensions in dimen-

sional regularization, it is instructive to show that PDF's are dimensionless in d-dimensions.

o [Yelds.
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e States. The target states |P) are normalized by
(P'|P) = (2n)"12Eps™ (P — P'), (6)

SO

(l1+1—d) =-1+c¢. (7)

DO | —

[1P)]=[(Pl] =

e Wilson Lines. Since Wilson line is an exponentiatial of a dimensionless quantity, it

does ot carry dimension.
o PDFs.

()] :—1+2(_1+5)+2<g—g) —0; (8)

(@) = =1 —14+2(—1+¢)+2(2—2) 0. (9)

The first —1 terms in both equations come from the integration measure of w™, which
is the light-cone coordinate, and the second —1 term in (9) is from the 1/P* factor.
This shows the necessity of adding 1/P* factor in the definition of gluon density,
while the 1/z is added to give f,(z) a correct probability interpretation, which will be

confirmed in deriving the sum rule.

c. Wilson Lines.
(WF[w_a O])]k - Pexp {_ig/ dy_A:(O—’—, Y, OT)(TI?‘)jk} (1())
0

(WA[w_7 O])bc - Pexp {_Zg /Ow_ dy—Az—z’—(O—’—v v, OT)(Tz)bc} (11)

where j, k are color indices in the fundamental representation and b, ¢ are color indices in

the adjoint representation:
jak:L"'?Nc; b>C:1:"'aN3—1

Tr and T4 are generators of the fundamental and adjoint representations, respectively, and
especially?,

(Tg)bc = _ifabc-

I Throughout this note, we do not distinguish upper and lower indices of the color factors, i.e., f*¢ =

fabc = félcv etc.



The Wilson lines collect (the component n-A of) gluon fields along the light cone direction
n. For a fixed path, the Wilson line only depends on the two end points 0 and w~. Under

a gauge transformation, the Wilson line transforms as
Wr(a,b) = Wg(a,b) = Ur(a) Wr(a,b) Ur(b)~" (12)

where Ug(z) = exp{—i0*(x)T4} is the gauge transformation for an arbitrary representation
R and Wg(a,b) is the corresponding Wilson line. Note that the generators of adjoint rep-
resentations are purely imaginary, so the gauge transformation Ux(x) = D(z) is real, and
thus

D(x)" = D(x)™ (13)

d.  Gauge Invariance. We have left the color indices implicitly summed over in Eq. (1).

The fields transform under gauge transformations as 2

(x); = U@) (@), (x); = (@)e[U(x) ]y (14)
G (2) — D(z) Gy (2) (15)

Therefore, when inserting the Wilson lines in Eq. (1), the operators transform as

Uj(w™) (Wrlw™, 0]) , 9i(0)
3 (w) [UT(w)] 5, AU ()0 (Welw™, 0]),,,, [0} [U0)], x(0)
=v;(w”) (Wr[w™, 0]) , ¢(0), (16)

and

Gy (w™) (Walw™,0]),, GF(0)
= {Dyy(w™ )G (w™) } { Dya(w™) (Walw™,0]) . DT(0)ec } { Dec(0)GE(0) }
=G (w ) { DT (w ) Dya(w ™) } (Walw™,0]) , {DT(0)ecDec(0) } GZ7(0)

=G (w™) (Walw™,0]), GI(0), (17)

be

showing manifest gauge invariance. This also demenstrates that we need to sum over the

color indices in order to get gauge invariant PDFs.

2 My convention is that U(z) = Up(z) and D(z) = Ua(w) are the gauge transformations of fundamental

and adjoint representations, respectively.
3 Here we suppress the flavor index of quark field. The subscripts 7, k are color indices.
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e. Lorentz Invariance. Although we can see explicit Lorentz indices (4+ and j) in
Eq. (1), the definitions are in fact Lorentz invariant. To see that, we can write them in

Lorentz covariant forms

fyp) = [~ e (P[5, 0w Welan, 014(0)] P) (18
ypla) = [ G (P[0, G () Walan, 0] GO P) - (150)

This makes it explicit that thus defined PDF's are scalars made up of n and P. Since they
are also invariant with a scaling of n — an, the PDF's do not depend on the choice of n, as
long as it is a light-like vector pointing to the future direction. *

By the definition itself, the PDFs are Lorentz invariant. However, when deriving spe-
cific factorization formulae, n usually comes as a natural choice. For example, when P is
highly boosted along +z direction, P*(>> P~, Pr) is the large component, and we choose
n = (0,1,07). When P is highly boosted along —z direction, P~ (> P*, Pr) is the large

component, and then we choose n as n = (1,0, 07), which gives
© dwt . _
fyrle) = [ e <P 6w, 07, 07) = Wew™, 0] wi<0>‘P> (192)
oo 2T
fop(z) = o _dw? eiwb Tt (P |G (w",07,07) Walw™,0]G7(0)| P) (19Db)
9/ o 2T P~

This form is useful when dealing with hadron-hadron collisions.

A. Interpretation as cut amplitude

Since the operators defining the PDFs in Eq. (1) are not time ordered, they correspond
to cut amplitudes. To see this, we first write the Wilson line as

Wo(w™,0) = Wy (w™, 00)W,(c0,0) (20)

each one still aligning along the n direction, indicated by the subscript ‘n’. Then the matrix

elements are
- +
(Pl (w™) 5 Welw, 0] wz-<o>|P>

—Z (P [ihy(w )Wiw™, 00]| X) L © (X |Wloo, 0]4:(0)] P) (21)

2

4 Pointing n to the past direction amounts to n — —n, which changes A to —\ everywhere. This reverses

the integration direction to co — —oo and introduces an extra minus sign.
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(PIGH () Walu™ 0] G7(0)| P)
=37 (P[G () Wil 9] X) (X[ Wiloe, 0] G0)| P) 22

(X |Wgloo, 0]1;(0)] P) is the amplitude of annihilating a quark of flavor i (with ;) in the
proton (and possible gluons with the Wilson line Wj[oo, 0]) and creating a final state | X).
<P }1/} IWElw™, 00 ‘ | X > corresponds to its Hermitian conjugate. So the normal ordering
corresponds to an amplitude squared, with a sum over the final states. In terms of diagrams,
we use a cut line to label on-shell final states and a sum over them.

We denote

= (X [Wg[oo, 0]4:(0)| P) (23)

as the amplitude of annihilating a quark from a proton and arriving at the final state X,

and

Mp= L = (PO, o] X) = Mo (24)

as its Hermitian conjugate. Summing over the final states X, with a ¢ function (27)%6%(P

Px — k) (and a parton vertex I') gives the probability of getting a quark of momentum k

/dw (P=Px =) (P[5, (0)W2[0, 00]| X) T (X [Wp[oo, 0] ¢(0)] P)
/ e " (Pl (w)Wiw, 00] | X) T (X [Wi[oo, 0]4;(0)] P)

we ™ (Pl (w) T Wilw, 0]4;(0)| P) (25)



where ® we have defined the cut as
cut line = put on-shell and Z(?W)454(P — Px — k) (26)
Then integrating over k£ with a 0 function gives the quark parton density
d'k + + 4, —ikw - A~
fiyp(z) = Wé(k —aP7)q [ dwe Pli(w) -5 Welw, 0]¢:(0)| P

_ [ Ak +_ pt i i
_/(2ﬂ)45(k i P P 27)

The diagram is a cut diagram (in momentum space) with momentum & flowing out of the
composite quark-link vertex to the left of the cut line and into the vertex to the right. The
parton density is obtained by integrating over the momentum k, with a 6(k* — 2z P™) factor
to fix k*. Note that the k is not necessarily the momentum carried by the parton line.

Similarly, the gluon density is
d4k3 1 + + 4 —ik-w +] +.7
fo/p(x) = ) xP+6(k — Pt [ dwe ™ (PG (w) Wilw, 0]GH(0)| P)

_ d4k 1 +—CE +
_/(27T)433P+5(k ) P P 28)

Note that we have added the /2 and 1/xP* factors (and an implicit factor d;; to sum
over the gluon spins) into the definitions. We call them parton vectices. They are to project
out certain parton densities from the general cut amplitude.

This understanding is the first step in calculating parton densities from their definitions.
First we calculate the cut amplitude, and then integrate over the momentum £

with appropriate parton vertices and §(kt — zP™).

® One should note that we have tacitly identified those two co points with each other in Eq. (25) after
summing over states X in the last step. This is not completely justified, because we keep using Wilson
lines along n direction, so if w has non-zero + or transverse components, these two Wilson lines will not
meet at infinity. However, since we are going to integrate over kK~ and kr, this issue is not a big problem.
This only requires careful treatment when dealing with k7 dependent parton densities, where only &k~ is

to be integrated over.



Note: The external parton lines are NOT amputated or on shell. We need to assign

propagators to them and include high-order corrections.

B. Anti-quark PDF

The above discussion from Eq. (23) to (27) is easy to be generalized to anti-quark PDF

with the replacement
My = (X [FO)WED, oc]| P), My = (P|WE[oo, 0]4:(0)] X) (29)

This leads to

fi/p() :/_ d;; g TP tT cotor TTspin P <P|WF oo, w b (07, w™, 07),;(0)WE[0, oo ‘P>]

—/ Cl;U—W_eixP+wtrcolorTrspin|: <P|WF O w ]wl(o w OT |P>:|

_ d*k + _ . pt
_/(2@45(1{ Py (31)

which only differs from Eq. (27) in reversing the fermion line arrows.
Now we assume that fields along the minus n light cone commute or anticom-

mute. % This gives that

d +
fypla) == [~ G | (P T OWRD. w )| )]

=—L;ﬁ %“W<\ Wi, 00| )

e s e )

= —fiyp(—2) (32)

where in the second line we used the translation invariance to translate the operator by w™.

Note that we have not only used the anticommutation relation between fermion fields, but

6 This is actually not an assumption. There are several ways to justify it. For an example, light-cone
quantization takes it as the starting point. Another way is to regard the light-cone as a limit of space-like
separation, for which the fields commute or anticommute. I am not able to give a fully-justified argument

within the canonical quantization formalism.



also that fermion fields commute with the gluon fields (in the Wilson line) along the n light
cone.

Gluon is its own antiparticle. By using the commutation relation we also have

©  dwm e . 4
forp(x) = /_ QW;UP —e T (PGH(0) Gy (w™) Walw™, Oy | P)

= [ e (PG ) (Wal0) 0 G )| P)

e (P |GP0) (WAl w7, ) | P)

e G ) (Wl ), GEO)| P

- /Z —2i;uz;+ eHPT (P |G (wT) (Walw™, 0]),, G7(0)| P)

=- /_Z %ﬁuﬁe—i(—x)zﬁw (P|GH (w™) (Walw™, 0)),, G;7(0) | P)
= —fg/P(_x) (33)

Note that on the third line we have used the fact that the Wilson line in the adjoint repre-
sentation is real, cf. Eq. (13). We used the commutation relation between transverse gluon
field components, and between transverse components and + components (in the Wilson

line). To summarize, we have
fiyp(x) = =fisp(=2) (34)

for j = ¢, g. This can be verified /used also in perturbative PDFs.

C. Support Property

Eq. (34) can be used to prove another property of PDF, that is,
fi/p(x) #0only when —1 <2 <1 (35)

First, from Eq. (25) we see that the momentum flowing to the final state X is P — k. Since

| X) is a physical on-shell state, it must have a positive P§ momentum component, so
(P-k)"=01—-x2)P">0 (36)

and thus



This comes from the cut-amplitude interpretation and holds for both parton and anti-parton
PDFs. It seems that there is no constraint when z < 0. However, when x < 0 it can be

connected to the anti-parton PDF. From Eq. (34), we have

fj/P(J:) = _fj/P(_x> (38)

where the right-hand side is non-zero only when —x < 1, i.e., x > —1. Therefore, we get

Eq. (35).

D. Interpretation as un-cut diagram

The commutation/anticommutation relations also mean that we can add time ordering
to the operators without changing the matrix elements, so Eq. (1) can also be written as

upte) = [~ e (plrfGonwmon T ono) ) P) (@)

oo 2m

forp(x) = / h %e—iwp*w (P|T{GT (0%, w™,07) Walw™,0]G*(0)}| P)  (39b)

The time-ordering means that we can connect them to uncut diagrams. That is, we can
remove the cut lines in Eq. (27)(28)(31). This can be verified by explicit calculations.
At calculation level, the equivalence between uncut diagrams and cut diagrams is due to the
integration over k~. The integral over k£~ is non-zero only when £~ has poles on different
sides of the real axis in complex plane. That sets x to be between —1 and 1. When the
integrand does have poles on different sides, the selection of a certain pole is equivalent to

cutting the corresponding propogator.

II. MULTIPLICATIVE RENORMALIZATION

The PDFs defined in Eq. (1) are bare PDF's, defined using bare fields. They contain UV
divergences and require renormalization. The renormalization of PDF is separate from QCD
renormalization. It goes by removing the UV divergences from the perturbative expansion.
The result turns out to be multiplicative

fip(x) = Z /xl %ij' (E) I (2) (40)

z

10



Here we use explicit superscript ‘(0)’ to indicate that f oy P( z) is the bare PDF defined with
bare fields. Z;; (z) is a convolution factor that removes the UV divergences in fj(,O /) p(2). The
convolution form suggests that the UV divergences are functions of z. In MS scheme, we

will only remove divergence proportional to
1
— —~v+Indr
€

Following Collins’ book [1], we write this factor as

Se (4m) 1 1
= mg =z v+ Indr + O(e) (41)

It is convenient to do the calculation using renormalized fields, for which the Feynman

rules are with renormalized couplings plus counterterm interactions. So we rewrite Eq. (40)

as

fisp(@ Z/ dZ Zijt Z2J (Zzz} f;P/)P(Z)> (42)

where Zy; is the field renormalization factor of field j/, and <ZQ_J} f](,o /) P(z)) stands for PDFs
defined with renormalized fields (we do not introduce extra symbols to avoid confusion).
Later in the specific calculations, we write f(/;( ) to mean (Z;jl ;%@)), also to avoid
cumbersome notations.

Since Zj;(z) does not depend on the target property, we are allowed to use on-shell

parton state as an elementary target. For that we have

) =3 [ 2 (%) 2 (77 10002) (43)

At leading order (LO), there is no divergence, and we have (see Eq. (128) below)

[0]

0 0 ~1 40

1) = 18, @) = (25 10) (@) = 0481 = ) (44)
where the superscript ‘[n]’ means at n-th order of a. This gives

ZU(2) = 8;:0(1 — 2) (45)
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At next-to-leading order (NLO), we have
d (1] [0] [0] (1]
d (1] (1]
_ Z / ?Z{ Zi; f) Zoy| 01— 2) 4 8,y0(1 — )2 (23t 1)) (z)}
J

= | ) 20 + (257 19)" @)

_ 7 ()] Z[o] + [ Z ()]0 Z[l] (ZQJ f;%) ()

= (25 1) @)+ (2 @) + 5501 — 22} (46)

The determination of [Zjy ()M is through the third line, where we use [Z;), (v) Zax] 1 to
remove the UV divergence in (ZQJ fj(%) (x), and then by substracting Zz[}g] we can get
(Zin ().

A. Evolution of PDFs

The renormalization of bare PDF's introduce a renormalization scale p, and therefore f;,p
and Z;; depend on p. Since the bare PDF's defined in terms of bare fields do not depend

on i, we have the renormalization group equation for renormalized PDFs
dz
p? dp ng/P Z/ Py f]'/P( z) (47)

where P comes through Z;; by

d Ly z
“Zd_u? jr(2) = Z/ — by <;> Zyn(?) (48)
i 7

At LO, by Eq. (45), we have
PY(z) =0 (49)

At NLO Eq. (48) gives
e Z/ TP (2) 28+ P9 (2) 20} = Py (s

We will see that at NLO, Z[1 (z) depends on p through o ()

dZ)(2)  da, dZy(2) Z3(2)

Jk S jk gk 1]

- =(-ea)=——=—¢2; 51
dinp?  dlnp?  dag (—eau) o, €25 (2) (51)
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where we only kept the relevant term at order O(«as). When taking € — 0, this is equal to

P][,lj(z), and hence we have (at MS scheme)

Se
Zh(z) = =22 Pll(2) (52)

III. FEYNMAN RULES

Apart from the Feynman rules for the usual propagators and QCD vertices, there are
three more elements involved in the PDFs: 1) parton vertices, 2) gluon vertex arising from
the field strength, and 3) Wilson lines. Finally, we will also discuss the rules concerning the

cut line.

1. Parton Vertices

The discussion of this has been covered in Sec. I. We list the results here

k \ . / k
d4725k. ,)/4* i i
fip(@ :/—5k+—xP+Tr 53a
/
N
d4—25k N 1
S — Pt — ..
furt) = | Gt = ePY) s ; (53b)

We call the factors in red fonts parton vertices.

2.  Gluon vertex arising from the field strength

Due to gauge invariance, the external parton point (the “point” of the parton fields, in
the same context as “2-point Green function”) is not a single point, but a composite vertex
of the parton field and gauge link. For the quark case, since we use quark field ¢ or 9 to

annihilate or create a quark parton, there is no special vertex when the quark parton line
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FIG. 1: Quark-link vertex = 1. Momentum and color conserve here. Momentum k& flows out to
the left of the cut and flows in to the right of the cut. j is the color index in the fundamental

representation.

—i <k:+gi — ¢ n“> i (k*gl —d'ny)
FIG. 2: Gluon-link vertex. Momentum and color conserve here. Momentum k flows out to the

left of the cut and flows in to the right of the cut. j, 5’ are the transverse Lorentz indices that are

extracted out at the vertices. a is the color index in the adjoint representation.

meets the gauge link. One just needs to remember that the color and momentum flowing
through this vertex is conserved. This rule is summarized in Fig. 1.
For the vertex connecting gluon parton line and the gauge link, it is different, because we

use G (z) instead of A7(z) to create or annihilate gluons. To the left of the cut line, since
GH(z) = 0" Al(x) — & A (2) — gfune A (2) Al () (54)

at the vertex where a gluon with momentum ¢, polarization index p and color @ is annihi-

lated, the first two terms give

—iqtg), — (—ig")g} = —i (q" g}, — ¢'ny)

Color index a flows through the gauge link smoothly. The third term in G7(x) means that

we can also have two gluon lines connecting to the gauge link at the same point, one carrying

14



longitudinal polarization 4+ and the other carrying transverse component j. This may sound
complicated, but is not new, because the gluon lines attached to the gauge link can meet the
gluon parton line at the edge of the gauge link, and they all carry longitudinal polarization

+. In fact, we can assign the third term into the gauge link by using the relations

0F Wilz,y]) e = =9 fead AL (Wilz,y])g, (55)
a+ (Aé(l’)WZ[ZE, y]ab) = (a—i—AgL - g fade A;(x)Ai(x)) Wz[l’, y]ab (56>

xT

Thus the first and third terms in G}7(z) can be combined with the Wilson line into Eq. (56).
This whole term annihilates a gluon with momentum ¢, polarization index p and color a,
and possibly other longitudinal gluons which we assign to the Wilson line, at the vertex
x = 0, and in total annihilates momentum & at this vertex (¢ — k flows to the gauge link).

Therefore, the vertex is
— ikt gl — (=i )g = —i (k*g), — ¢'n,) (57)

where the first term comes from the whole term in Eq. (56), and the second term comes
from the second term in Eq. (54). The vertex to the right of the cut line can be obtained

by taking a Hermitian conjugate. These are summarized in Fig. 2.

3. Wilson line

We use a double line to denote the Wilson line which collects collinear longitudinal gluons.
This notation makes it look like a new kind of propogator, but in fact it is not. Propogators
arise from the contraction of two fields and there are momenta flowing along them, but
Wilson line is just a line where (an infinite number of) gluon fields are situated. That said,
we will find propagator-like Feynman rules for the Wilson line and it can be interpreted as
momenta flowing along the Wilson line. So we equivalently regard Wilson line as a special
kind of propogator and assign momentum to it.

A certain diagram corresponds to a certain way of Wick contraction of time-ordered fields.

" For a diagram with n gluons attached to the Wilson line (to the left of the cut line), it

7 Since on each side of the cut line, we only have one coordinate, we can equivalently add a time-ordering
operator so that the diagram on each side of the cut line is the usual Feynman diagram. Note that the

path ordering in the Wilson line commutes with time-ordering operator.
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comes from the term in the expansion of W that contains n gluon fields 8

Lo > ,
W (oo, 0] D EPH {—zgnm/o d\; Agi()\in)tai}

= (—ignu,ta,) - (—ign, ta, / d)\l/ d\y - / dA AL (Apn) - - - AT (Ain)
A1 An—1
(58)

where the path ordering gives n! identical terms that cancel the 1/n! factor. The factor
(—ign,,t,,) becomes the Feynman rule for the vertex where gluon i attaches to the gauge link.
Each A field creates a corresponding gluon, in the order that gluon lines attach to the gauge
link, following the path ordering rule. Suppose A4’(\;jn) creates a gluon with momentum
k;j. (This k; flows out of the Wilson line vertex and is treated as a loop momentum.) Then

apart from the gluon propagator associated with this gluon line, we pick up a factor

ei)\jn-k:j .

So besides the usual Feynman rules of QCD couplings and propagators, Wilson line gives

extra vertices
—191y;ta;

and the factor

1

F= / dh [ dXy--- / X, [ etmHs (59)
0 A An—1 =1

Using
6 k n - eikz (60)
we have
o] 00 00 n—1 00
= / d)\l / d)\Q / d>\n 1 H +Z)\Jn k / d)\n6+i)\7Ln‘k7L
0 )\1 n 2 ] 1 )\n—l
— d\ / dXo - - - / d)\n, e+z)\jn-kj : eMn—m-kn
/0 1 A1 i An—2 ' (E n-k,+ie
- ! M ! .« e ¢ (61)

n-ky+ic n-(kn+kno1)+ic  n-(kn+---+ ki) +ic

8 The g and A here are bare coupling and bare gluon field.
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In terms of diagrams, the Feynman rule for Wilson line to the left of the cut is

Rtk kot K o
kl+ k.2+ kn+
M1, a1 M2, a2 Hns Gn
1 1

:(—ignuntan) (_ignun_1tan—1)

n -k, +ie n- (knp+ kn_1) + ic
1

n-(ky+---+ k) +ie

X oo X (—igng, te,) (62)

where we have assigned momenta to each segment of the Wilson line. One link segment
with momentum £ gives exactly a “propagator”
1
_— 63
n-k+ie (63)
with n being the direction of the Wilson line pointing to infinity.
Similarly, we have the rule for the Wilson line to the right of the cut line, being just the

Hermitian conjugate

kn ko+---+k, k1+---+k,
*k/’n *kz *kjl
Hn; Qn M2, a2 1, a1
. i | i
=(19ntay ) —(ignu,ta,)

n-(ky+---+k)—ie
—1

n-(ky,+ -+ ko) —ic

X X (ign/intan) (64)

-k, —ic
The above derivation is true for any representation. For quark PDF, it is the fundamental
representation and t, = ((¢,);x). For gluon PDF, it is adjoint representation and ¢, =
(—ifape). From our discussion, it is clear that there is no momentum flowing to or from oo
through the Wilson line. In other words, in a cut diagram, no momentum flows across the
cut line through the gauge link.
The Feynman rules are collected in Fig. 3-5. It is important that n appears both in the

propagators and the vertices, as is necessary to guarantee Ward identity.
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a, (b a, (b

—ign*(T'%);; ignt(T%);;

FIG. 3: The Wilson line vertex for quark PDF. T% (a = 1,--- , N2 — 1) are the generators of the
fundamental representation. 4,7 = 1,---, N, are color indices in the fundamental representation.
By putting a cut line we do not mean that the two parts are Hermitian conjugate to each other,

but only that the rules follow according to their positions with respect to the cut line.

a, p a, 1

_gnufabc +gnufabc

FIG. 4: The Wilson line vertex for gluon PDF. fu. (a,b,¢ = 1,--- N2 — 1) is the structure
constant of the color group. It comes by replacing 7% in Fig. 3 by —i fupe, corresponding to the
adjoint representation. Note the ‘+’ sign to the right of the cut line. By putting a cut line we do

not mean that the two parts are Hermitian conjugate to each other, but only that the rules follow

according to their positions with respect to the cut line.

k k
) —1
n-k-+ie n-k—ie

FIG. 5: The Wilson line propagator. No momentum flows across the cut line throught the Wilson

line.
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4. Cut rules

a. Feynman rules for the diagram on the right of the cut line. The amplitude on the
right of the cut line should be understood as the complex conjugate of the part on the left.
For a basic process like ¢;(k) + g.(q) — ¢;(k'), the amplitude is

(65)

where a, i, j are color indices. Taking a Hermitian/complex conjugate gives
Mgy, = (k) (igrey"T55) u(k')e; (@) = a(k) (igpy"T5;) w(k')e;(q) (66)

which can be naturally understood as its the inverse process ¢;(k') — ¢;(k) + ga(q), with 4

changed to —¢ in the vertex, i.e.,

*

qL —

= Myr (67)

where we add a cut line to indicate the change of Feynman rules for the amplitude to its
right. Note that this simple rule relies on 7T being a Hermitian matrix, and that there is a

7 factor defined in @, which keeps v* as v*. When there is a chain of ~ matrices like

u(k' )yt -y (k) (68)
the complex conjugate simply gives

u(k)ytn -2y (k) (69)

corresponding perfectly to the inverse process. So as a first (not complete) rule, we remember
that for the vertices to the right of the cut we replace all ¢ to —i. When there involve

propagators, it is also true, because propagators only add some ~ matrices and c-number
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coefficients. When taking a complex conjugate, we simply reverse the process and replace
all 7 to —1.

We emphasize the importance of Hermiticity of 7. Taking a complex conjugate gives
Ty = (T =T} (70)

so keeping the form of T* naturally reverse the initial and final states. Confusion can arise
when we deal with the adjoint representation, for which the generator (T'%),. = —if% where
fee is real. The —i cancels the i in the vertex and then there is no factor of 4 in the vertex.
But note that when writing down (7)., b is the color index of the final state particle and ¢
is of initial state particle, ® while when reversing the process to the right of the cut line, b, ¢
ordering becomes opposite. Then when writing down the amplitude we should have (7).,
which finally gives — fe¢. This effect appears in the coupling of gluon to the gauge link, and
gluon-ghost vertex.

Another complication arises when the vertex depends on momenta, like scalar QED/QCD
vertex and tri-gluon vertex. Still taking the simple process ¢;(k) + ga(q) — ¢;(k’), in which

g stands for a scalar colored particle, we have the amplitude

q,a
M, — KoL = (Cigrt) (F 4 k) TR e,(q) (71)
s ) - > — — iy T H
4
Ve
7k, g

where a, i, j are color indices. Taking a Hermitian/complex conjugate gives
M = (igp™) (K + k) T35 €] (q) = (igr”) (K + k)" Tj; €}, (q) (72)

to be understood as the inverse process g; (k") — ¢;(k) + ga(q) with i taken to be —i, i.e.,

q,a

* K. _

sL — I ‘39\39999/ = Mg (73)
AW

N
kg >

9 By “initial” and “final” states, we are refering to the simple process like in Eq. (65) where only three
particles are involved. The exact meaning is of (bc) ordering is the order we write down the Feynman

amplitude.
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This still follows the rule stated above. However, for tri-gluon vertex, this is more complex.

The process process g,(q) + gp(k) — g.(k’) has the amplitude

q7a7l’L

= —gf"™ (g —k)’g" + (k+K)'g” + (=K — q)"g™] (74)

where we have omitted the polarization vectors and the u® factor. It has the structure that

can be schemetically written as
[ [la=b)°+(b—0c)*+ (c—a)’] (75)

Both f%¢ and the momentum tensor are cyclic and antisymmtric with any two elements. So
it does not matter whether we write clockwise or counter-clockwise, or which leg we start
with. But it does matter when we reverse all the momenta, which gives a minus sign. On
the one hand, the complex conjugate of My, is itself. On the other hand, when we take its

inverse process and reverse all the momenta, as is conventional for a cut diagram, we result

in
g, a, u
MgR = ZL =
k,b,v
=—gf" (g —k)’g" + (k+K)'g” + (=K — q)" g™
= gf""[(—q +k)’g"™ + (—k — K')"¢"" + (K + q)" ¢""] (76)

where we have written the amplitude to the right of the cut line in the usual Feynman rules,
which causes the extra minus sign.

The complication of trigluon coupling is because the three gluons are identical so that
there is no way to tell which one is the “gauge boson” and which ones are the “colored
particles” engaging in the strong interactions in the adjoint representation. In fact, the
trigluon coupling is a cyclic version of the scalar QCD coupling. For example, in Eq. (74)

we can first regard (¢, a, ) as the gauge boson and the other two as the colored particles in
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adjoint representations, which gives us the coupling
M D (—ig)(=if*) (K + k)" (—g") (77)

which resembles the scalar QCD interaction with just an extra (—g?”) factor indicating the
vector property of the gluons. By cycling (abc), we can get the full expression in Eq. (74).
At this stage, we can understand the difference made by f®¢. Although f%¢ is real and does
not change by complex conjugation, it is (=i f%¢) = (7%)s., the adjoint representation, that
corresponds to the Hermitian generator 7;; in other representations. By the same rule when
taking complex conjugate, we should also reverse ¢ and 7, and here we need to reverse b and
¢, ie.,

— g™ = (=ig)(=if™) = (=ig) (T 2% (ig)(T5)e = of** (79

conjugate
The order of (ach) corresponds more naturally to the reversed diagram. So the minus sign
comes from the same origin as the previous quark and scalar case, by reversing the sign of
i by —i in the vertex. It is just that the 4 is hidden in writting f%° explicitly. So we add
a rule that when there is a f2¢ factor in the coupling, we add a minus sign. This does not
affect the four-gluon coupling since there we have an explicit 7 factor and two f%¢, so the
net effect is only replace ¢ by —i.

The above discussion is sufficient for the cut rules on the right of the cut line. But for PDF,
we need to prove another thing. Because the cut diagram for PDF is not a genuine amplitude,
but has explicit spinor indices for both sides of the cut line, i.e., M = (X|[1,(0)|P) has a
spinor index a, and My = (P|5(0)]X) has a spinor index 3. So the spinor structure of M,
can be written as

My ~ ettty (79)

Its Hermitian conjugate is
M}, = (PL(0)|X) ~ " ulyrot . ypd (80)
The Mp is actually defined using v, which adds an additional 7° to Mz, giving
My = M{5° = (P[ha(0)|X) ~ ¢ ulytnl - qfify® = % gyin i (81)

giving exactly the structure we need for the reversed process of the left side of the cut line.
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This also leads to a useful property of cut diagram. When we flip the left side M}, on the
cut line to the right, we will flip all the momentum flow, and the right part Mz obtained in
this way is

Mg = M{° (82)

If we flip Mg to the left, we get
My, =~"M], (83)

so if we reverse the whole diagram, we obtain

flip

MpMy, 225 MIA°YO ML, = (MM (84)

that is, reversing a cut diagram gives its Hermitian conjugate!

b. Rules for the cut lines. The integration of k& in Eq. (53) makes it look like a loop
momentum. This is not exactly true, because even in a diagram without any loop we still
need to integrate over k. When there are loops, k will entangle with the loop momenta and
make it complicated. It is worth making this clear.

According to our definition of the cut line in Eq. (26), physical states X flow across the
cut with physical on-shell momenta, where “physical” means with positive + component.
When X contains N > 1 particles, with momenta ¢y, --- , gy, the sum over X contains a

phase space integration

/H 2)d- 12E /H ’ L (2m)6(a2 - m)o(q) (85)

where we have taken ¢; to go from the left of the cut to the right. Together with the k
integration and the momentum conservation d-function, we have

N

/ (%ﬁ(’f* —aP") / H (;lf)"d (27) 6(g2 — m)0(gH)(2m) 0 (P > g~ k) (36)

i=1

Integrating out k using the d-function results in

J I o 2m) o2 = ot (P = 3 af = P?) (57)

In this way, we treat each ¢; as a loop momentum, but for the g; line across the cut we

associate with a factor (27) 6(¢2 —m?2)6(g;). And overall there is a factor 6(P* — SN ¢ —

xPT) constraining all the loop momentum ¢;.
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The sum over X states also contains a sum over the spins for particles with spin higher
than 0. A fermion with ¢; on the left of the cut corresponds to a final-state particle line

with 4(g;). It has a corresponding u(g;) on the right of the cut. Then the spin sum gives
> us(@)us(a) = (di+ mi) (88)

If the fermion line flows from the right of the right to the left (but the momentum g; still

flows to the right), we have instead,
D vela)a(gi) = (di—mi) = —(—di+ ma) (89)

where —¢; is the momentum flows along the fermion line arrow. So if we want to assign
factor ¢ +m to a cut fermion line with momentum ¢ flows along the fermion line, we need
to add an extra —1 when the fermion line goes from the right of the cut to the left. This
means that if a fermion loop is cut, we would have an overall —1 for the loop.

If a gluon line with momentum ¢ is cut, we would have

> @ (@) = —guw (90)
A=1,2
where the sum is over physical polarizations and the replacement of the polarization vector
sum by —g,, uses Ward identity. Ward identity still holds in the presence of the Wilson
line.

When X contains N = 0 particle, i.e., |X) = |0) is the vacuum state, then the diagram
contains only LO or virtual corrections. In this case, the k integration together with the
momentum conservation d-function becomes

d’k + + dsd + +
/W(S(k: —aP")(2m)%YP — k) =0(PT —azP™) (91)
Including the rule that the diagram on the right of the cut line is Hermitian conjugate of

the one on the left, we have the following Feynman rules for cut diagrams

1. Usual Feynman rules apply to the left and right of the cut lines, but with all + — —1¢

on the right parts. When the vertex involves a factor of f*¢ we add a —1 factor.
2. BEach line across the cut line gives a momentum integration [ d%q/(2r)%.

3. There is an overall § function §(PT — Y2 ¢ — zP*). When no particle goes across

the cut line (N = 0), it becomes 6(P* — xPT).

24



k k

> [ —
———————— Hm, a v, b
(27T)(5(k2 — m2)9(k‘+) _g;w(sab
— —n

2m)6 (k2 —m2)0(kT) (v k+m) —(27)d6(k* —m2)0(—=k*) (v -k +m)

FIG. 6: Feynman rules for cut propagaotrs. Dashed line is for scalar particle. a,b are color indices
of gluons. Note that the momentum of fermion line flows along the fermion arrow, and there is an

extra —1 factor for the fermion line crossing the cut line to the left.

4. For a cut propagator with momentum k (for fermions, & flows in the fermion line
direction), replace the usual propagator by
1
5 2m)0(k* —m®O(kT). 92
e (M — mA)o) (92)
For a cut fermion propagator, add a factor ¥ +m. For a gluon cut propagator, add a

factor —g,,, 045, Where a, b are the color indices.

5. When there is a fermion line going from the right of the cut to the left, add a factor
—1.

The cut propagators are summarized in Fig. 6. Note that the second and third rules have
already included the integral of k and the 6(kT — 2P™") factor in Eq. (53), so the parton

vertices defined there should not include them.

5. More on cut diagrams.

We have been stressing that the diagram to the right of the cut line is the Hermitian
conjugate of the left part. There may be puzzles, because the amplitude Mg on the right
can be also expressed as usual matrix element, like in Eq. (24), and thus it seems to be an
amplitude from |X) to |P), with the usual Feynman rules. How should we understand the

rules summarized previously using that Mpg is the complex ocnjugate of M7
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This puzzle can be resolved if we are careful about the states. An amplitude is the
matrix elements of an time-ordered operator between an “out” asymptotic state and an

“in” asymptotic state. The DIS amplitude should be written as
M*" = (X;out|J*(0)| P;in) (93)

where only write the part attached to the virtual photon. The DIS structure function is

then

W = (2m)46%(q + P — Px) M*(0)M"(0)

d*ze'™(P;in|J* (2)| X ; out) (X; out|J¥(0)| P;in)

] <1 <1

?IH ?IH 5]

/d4xez(q+P Px)e (p:in|J*(0)|X; out) (X; out|J*(0)|P; in)

d*ze® (P;in|JM (z) {Z | X; out) (X; out|} Y(0)|P; in)

d*ze'*(P;in| { J*(x)J"(0) } | P;in) (94)

— T

where we used

PH|p;in/out) = p*|p; in/out) (95)

in going from the second line to third line, and

Z | X; out) (X; out| = Z | X;in) (X;in| = 1. (96)

7

It is necessary that we are only using “X,,” states because only then do we have the
completeness relation. Therefore the DIS structure function is the matrix element of normal
ordered current-current operator between two “in” hadron states.

This also indicate that when factorizing W#" into PDF, the latter is also a matrix element

of PDF operator between two “in” states

*© dw— . _
fiyp(2) :/ _2w e~ iePtw <P;in
foo 2

o0 dw_ . _ . . - _ . .
forp(a) = / zmp&*”m (P;in |G (0%, w™,07) Walw™,0]G(0)] P;in)  (97b)

P, (07, w™, oT)g Welw™, 0] w,-(())‘ P; in> (97a)
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When we translate this into cut diagrams, we insert a complete set of states

>« |X;out) (X;out|, and Eq. (23) and Eq. (24) become

9]

= (X; out [Wg[oo, 0]¢:(0)] P; in) (98)

Mp = o P:ﬂRMWIﬂOwwm@ MjA° (99)
Therefore, only M can be interpreted as a Feynman amplitude, and Mg should be in-
terpreted as its Hermitian conjugate, using the Feynman rules discussed in the previous
subsection.

One may start worrying about the use of time-ordered operators as definitions of PDF in
Eq. (39). This is not a problem because for a stable single particle, | P;in) = | P;out) = |P).

So we are free to change the proton states such that

® dw™ . _
fypta) = [ e (Prow
oo 2T

forp(x) = /_ Qi;UPJr emieP T (P;out |T{G™ (0%, w™,07) Wa[w™,0] G™(0)}| P;in)

_l’_

T {Ez(0+a w, OT)%

Welw, 0 m(@}] Poin )
(100a)

(100D)

Then they correspond exactly to time-ordered Feynman amplitudes. In contrast, in the
cut-amplitude definition, it is better to use (P;in|---|P;in) because the inserted states of
X are both out states.

With this understanding, we can understand better the optical theorem. S matrix ele-

ments are defined as

Syi = (f;outld; in) (101)

where both “in” states and “out” states are orthoghonal, normalized, and complete: '°

(f;out|f;out) = dsp, (i;in|i’;in) = Z|f out)(f;out| = Z|i;in>(z’;in]:1 (102)

10 Here § 7fr is an abbreviate of the standard normalized ¢ function between states. For example, for single

particle states, (p;out|p’;out) = (27)32E,8%(p — p').
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This makes the matrix Sy; a unitary matrix
> 84Sy =6, > SpSta =i (103)
i f

From this we can define a unitary operator S such that
Sy = (f;out|i;in) = (f;out|S|i;out) = (f;in|S|s; in) (104)

or,

Sli;out) = |isin), (f:in|S = (f;out| (105)
The Feynman amplitude iM; is defined through
S=1+iT,
Sy = (f;out|S|i;out) = (f;out|1 + 47 i; out) = 6z + (20)6* (pr — pi) - iMp  (106)
where the second line can be equally expressed in terms of “in” states. So we have
(f;out|l +iTi;out) = (f;in|1 4 iT|i;in) = (27)* 6% (py — pi) - iMys (107)

The optical theorem follows from unitarity of S and a completeness relation (which is

also an aspect of unitarity)

1=88=0—iTHA+iT)=14+i(T-TH+T'T (108)
SO
(T -TH=-T'T. (109)
Sandwiching between (f;in| and |7;in) gives
(fiin|i(T = T) |i;in) = —(f;in| 7T |4; in) (110)
The left-hand side is
(2m)*0% (py — pi) (iMys — iMy) (111)

and the right-hand side is, by inserting a complete set,

= (fin] THX in) (X3 in| T [i3in) = =Y [(21)*6* (py — px) M) [(27)*6* (s — px)Mui]

X

= —(2m)'5" (ps — pi) D_(2m) 04 (pi — px) [Mx; Mi]

(112)
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Thus, unitarity implies

iMy; — M, = — 2(271')454(172- — px) M My (113)

X
Although it is iMy; that corresponds directly to a diagram, usually we we would factor the
i out and just talk about M y;, because the LO diagram is usually pure imaginary (e.g., A¢*
theory). Thus we will talk about the imaginary part of My, instead of the real part of
tMy;, which is more of a convention issue.

My; is the amplitude going from initial state ¢ to final state f. M, is the complex con-
jugate of the amplitude M;y = M, ;. Using the cut-diagram language, taking a conjugate
renders it an amplitude of (i — f), but to the right of the cut line. Similarly, My; is the
amplitude of (i — X) to the left the cut but MY, is the amplitude of (X — f) to the right

1

the cut. In terms of diagrams, we have !

R -

= o

\ /

When i = f, Eq. (113) becomes

2mMaa =) (21)'6"(pa — px)MiaMxa =) (21)'6"(pa —px)Mxal’  (116)

X X

11 Tf we do not follow the convention of factoring out the i factor, this can be expressed in a simpler form

1 1 1
+ + ::EE =0 (114)

f f f

which can be interpreted as that all possible cuts of a diagram (including the two cuts of putting the
whole diagram to the left or right of the cut line) sum up to 0.
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which can be expressed as

o4 X 4 = o4 X[ 4 (117)

where the cut line has the same meaning as (26), and the cut rules are the same as discussed

in the previous subsection, except that there is no complication caused by the integration

of k and the 6(k™ — xPT) function.

IV. CALCULATION OF PERTURBATIVE PDFS IN FEYNMAN GAUGE

In the preceding discussion we have been stressing the gauge invariance of the PDF
definitions, which leads to the discussion of Wilson lines. Nevertheless, when going down to
calculation, we need to specify a gauge to be able to write the gluon propagator. For this,
we choose the covariant Feynman gauge. We can also choose light-cone gauge, where there
is no gauge link at all. We will do that later.

In the perturbative calculation, we take an on-shell parton as the target. Similar to
the case in Eq. (1), we need to calculate the diagonal matrix element, i.e., the initial and
final partons should have the same momentum, spin/polarization, and color. We can either
specify a spin or color state, or average over them. Note that when averaging over on-
shell gluon polarization states, we need to include only physical polarizations, which have
d —2 = 2 — 2¢ in d-dimensions. Throughout the calculations, we take partons as being

massless.

A. LO PDFs

The LO diagrams for quark and gluon PDFs are shown in Fig. 7. Only these two diagrams

can be drawn, so there are only fg/]}q(x) and fg[(/)]g(x).

0 0
Faa(@) = fyjal) =0 (118)
Since no momentum flows along the Wilson line, we simply have k = p.
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(a) (b)

FIG. 7: LO cut diagrams for quark and gluon PDFs.
For quark PDF, we have

79 (2) = 6(* — ap* m{ ”‘] 51— ) (119)

where §(p* —xp™) is from the third rule listed on p. 24, ¥ /2 is the parton vertex in Eq. (53),
and /2 is the spin average of the spinors. The initial and final external quarks have the
same color which has been averaged. Note that we can also choose not to average over the

spins, but specify a certain spin s, which gives

+
Fail®) = 80" —ap*) [US(p)%“s(p)] =0(p" —ap)pt =0(1 - x) (120)
where we used us(p) vy uy (p) = 2pHdss .
For gluon PDF, we have
RS N , i R . ”
fg/g Z o(p* —ap” opt - (1) (p I — p]nu) e\(p) - i (p 9, — pJn,,) 5’ (p)
(121)

where 6(pT —xp™) is from the third rule listed on p. 24, 1/xp* is the parton vertex in Eq. (53)
and d;;; has been implicitly included as a sum over j (transverse index), (—i) (p+ gi —pJ ”u)
and i (pT g2 — p’n,) are the gluon-gauge-link vertices in Fig. 2 where we have used k = p
to substitute p for k. A denotes the gluon polarization and has been averaged. We choose

p = (p*,07,07), and physical polarizations to satisfy
+ _ P S L % v v PV Vel — Y
ey =0, ex-cy=—g -l =—bw, Y AP () = —g" +n'n +n'nt = gl

(122)

Note that we have three ways to do it:
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1. Direct calculation for certain polarization. Now we delete the 1/(2 —2¢) )", and use

a specified polarization state A. Since n-& =&t = 0, we have

1

Fofola) = 00" =) (0) 7S () = 51 ) (123)

2. Polarization average using Fq. (122). Eq. (122) represents the exact results for physical

gluon polarization vectors. Sum over A gives

[0} o ]_ ]_ . . . . . . v
Fafa®) = 320" —ap") oo (<) (070 = ) - (07 gL = ) (—91)
1 1 ,
_ bt ()2 0 — S
=5 oW ) s ()" (=g”) =0(1 - ) (124)
where in the second line we used ¢/"n, = ¢/"n, = 0 and ¢ = —(2 — 2¢).

3. Use of Ward identity. It is easy to verify Ward identity by replacing e\ (p) by p*,
which gives
(p* g, —p'n,) " =p" P —p'n-p=0 (125)

This allows us to replace the polarization sum by

> A (p) = —g (126)
A
And then
fg[%(m) ) _1265(P+ - $p+)xp% : (ergi —pjnu) : (p*g,’; _pinu) (=g") =96(1—1x)
(127)

Note that although using —¢"” makes it seem that we are using d polarization, we

should still divide by 2 — 2¢, the number of physical polarizations.

The above results can be summarized as

Fi(@) = 60(1 — x) (128)

The LO calculations are simple, and we have illustrated different treatments of target spin
states and verified that they are equivalent. For the NLO calculations, we will exclusively

average over the spins (and colors) of the target.
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FIG. 8: NLO cut diagrams for quark PDF in a gluon target.

\V4 nlt \L n/JI \L n'LL

(a) (b) (c)

FIG. 9: The other three NLO cut diagrams for quark PDF in a gluon target where g legs attach

to the Wilson line. These diagrams vanish because n - ¢ = 0.
B. NLO: Quark in gluon

There is only one diagram shown in Fig. 8 and 9. The diagrams in Fig. 9 all contain
gluon legs attached to the Wilson line, which gives n - e = ¢t = 0 due to our choice in
Eq. (122). Thus the only contribution comes from Fig. 8, where we have used the fact that
no momentum flows along the Wilson line to write the momentum of the quark propagator

as k.
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Using the Feynman rules summarized before, we have

dk o
Fioyars(®) = = / (27r)d5(k+ —ap")Tr {77 k;ﬁ — (—ign¢ (n)T)

xw—ﬁw%w«k—m%ww=wﬁNwwf@Hm—iﬂ?}

k% —ie
T 5 H ) (F - ¢ 0) f]
(k2 + ie) (k2 — ie)
(129)

— Tt~ ) [ s (- )

where 4, j are the colors of the fermions and are summed over, but the gluon color a is
not, which gives Tr. The subscript (0) means that this is bare PDF, which contains UV
divergence and is subject to renormalization. In the first line, we equivalently write the
integration of ¢ in rule 2 on p. 24 as the integration over k, and the overall minus sign is
because the cut fermion propagator flows to the left of the cut line. In the second line we
have used the §(k™ — xp™) function to integrate out k*. & ((k — p)?) is the on-shell condition

for the antiquark (the cut propagator). We can use it to integrate out k.

(k—p)* = 2(k —p)*(k —p)~ — k2= 2(x — Ip*k~ — k2 = —2(1 — 2)p* (k— N L)

2(1 —x)p*
5 ((k—p)?) = SENLE G b (130)
2(1 —x)p* 2(1 —x)p*t
This fixes k= = —k%/2(1 — z)p™ < 0, and thus we have
+ k7
_ B 131
k (.Tp ) 2(1_x>p+7 kT) ( 3 )

-0 = (0= Gt ) (132)
as the momentum for the quark and antiquark split by the gluon with on-shell momentum
p = (p*,07,07). This is an important feature of parton density — the parton we are seeking
is off-shell, and the target/mother parton and the other daughter parton are on shell, and
the phase space of the other daughter parton is integrated over. The off-shellness of the

parton is characterized by kr:

k* = 2xp" - I N k3 = — i (133)
2(1 —x)p* T l1—x

which is space-like. The smaller kr is, the closer the parton is to be on-shell and the more

collinear the two partons are. For small k7, we can connect it the angle # at which the
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parton is split out
kr  \2kr

0 ~—r~
k? xpt

(134)

This can be connected to the parton shower picture in the initial state radiation where a
parton comes out of the proton in a collision and keeps radiating (away on-shell partons)
and develops a high kr (virtuality). This picture is in contrast to the jet picture, or the final
state radiation, where an off-shell parton goes out from the hard collision and keeps radiating
(away on-shell partons) until its kr (virtuality) becomes very small and hadronizes. There
the NLO parton picture would be an off-shell parton splitting into two on-shell partons.
Using the § function to integrate out k~, we now calculate the trace in Eq. (129). First

we average the polarization of the gluon, which gives

T | 20 O = )£ 00 B 255 2T | T (= )2 B (s = s = )

polari. 2 — 25

(135)
G term gives
T | =) b = 2 kG- 9
=—4(1—¢) 2k k- (k—p)— (k—p)*T k] = %p* k7 (136)
n,m, term gives
T | b - )07
=T B =) B = KT [y (- )y
=4kT [(k—p)Tk™ — k- (k—p)+ kT (k—p)~] = dapTk7 (137)
and n, 7, term gives
m T |~ )7
=T By =)y B = KT [y o (- )
=4kt [kt (k—p)” — k- (k—p)+ (k—p) k™| = dap™k7 (138)
where for n,f, and n,7, terms we have used "7 ==y~ =0 and g*~ = g~* = 1. Then
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the trace in Eq. (135) becomes

I et e

polari. 2 — 2¢ 1-—
2pT k2. {1 2x(1 — x)}

°) pt ks — 8xp+kT]

1—x 1—¢ (189)
Note that since n,n, and n,n, terms are non-zero, we cannot replace the polarization sum
by —g,., as we usually do in calculating Feynman diagrams. This is because we already used
the transverse polarization condition to render the diagrams in Fig. 9 to zero, and therefore
we have to use exact transverse polarization sum in calculating the diagram in Fig. 8. In
other words, the diagram in Fig. 8 alone does not satisfy Ward identity. One has to include
all those four diagrams to guarantee Ward identity. Only in that case can we safely do
S, ) (p) — —g.

Plugging Eq. (130), (133) and (139) into Eq. (129) gives

& %kp 1 21(1 —
Fi0)aye(®) =G> Tro(1 — x) / W@ [1 —~ xl(%f)] (140)

Since the integrand is spherically symmetric with kr, we can use [1]

/2

[ s = s [ e ) (141)

0

to write
d2—25kT B (47T)€ [eS) ) o
/ (2m)d=2  (4m)D(1 — ¢) /O dkz(kz) (142)
And then
i _ g (mp)y [ dkE 2a(1 — @)

(where we have omitted §(1 — x) factor, as will be explained later.) We see that as ¢ — 0,
we have both UV divergence and collinear divergences. The UV divergence comes because
the integration domain of kr extends to infinity. That does not reflect the true physical
reality and is a consequence of factorization approximation, which disentangles k integra-
tion from the hard process. If we do not perform factorization, then the hadron part (that
becomes PDF after factorization) forms a closed loop with the hard part, and there is no UV
divergence from k integral. Therefore, the renormalization of PDF is separate from QCD
renormalization and should be regarded as an artifact. After removing UV divergence, we

are left with collinear divergence. Collinear divergence arises from the configuration where
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the quark is collinear to the gluon (and the antiquark) (see Eq. (134)'%), and is a result
of on-shell and massless parton approximation. In reality, we do not have on-shell par-
tons and quarks are not massless. So collinear divergence does not really exist in nature,
but only reflects its nature of being long-distance origin. When calculating hard scattering
coefficients, we need to systematically subtract these long-distance (collinear divergent in
massless calculation) parts.

Dimensional regularization (DR) regulates both UV (by ¢ > 0) and IR (by ¢ < 0)
divergences. A scaleless integral, like the kr integral in Eq. (143), in DR gives 0. This is one
way of saying that IR divergence cancels UV divergence, but this is very misleading because
UV divergence is always canceled by UV counterterms, and the IR divergence is left. The
result is that the renormalized fq[;]g(x) is equal to the negative of the UV pole. To extract
the UV pole, we cutoff the lower limit of the ks integration

= D
[ = ) (144)

where we have to use £ > 0. The UV pole is then 1/c. In MS scheme, we would write as

1/e = vg +Indm, or S./e Eq. (41). So we have

) de .
UV pole of / k—QT(k%)*E = S? (145)
o A~p
And therefore,
2
g Se
UV pole of f([(l)])q/g(:c) = @TF (2% + (1 — 2)?] — (146)
From Eq. (46), the (UV) renormalized quark PDF in gluon target is
Fa @) = Fojass(w) + Z4g @) (147)
In MS scheme, Z,,(x) only removes the UV pole in f(%%q/g(cc), SO
2
g Se
Zi(z) = —<5Tr [2? + (1 — 2)?] - (148)
and then
2
9 Se
W@ =0+ Zl() = —galr [P+ (- 2)] = (149)

12 In 4-dimensions, the kr integral can be written in terms of 6 as [ dk3./k3% = 2 [ df/6, from which we can

clearly see the logarithmic collinear divergence.
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which is purely the IR pole. As we have explained, being IR divergent is not a big problem
since fq%(x) is not a real object in nature. It is more of a theory method to subtract long-
distance piece from the hard coefficients, and moreover it gives the evolution kernel for RGE

of the renormalized PDF. From Eq. (52) we have

Pig(2) = SQ—;TF [2* + (1= 2)°] (150)

Now let’s explain the (1 —z) factor omitted in Eq. (143). In fact, our results in Eq. (149)
and (150) are only true when x > 0 (which is enough for our purpose). The x < 0 part can
be always obtained using Eq. (38) where P can be any target, and in particular, the on-shell

gluon target here, so we have when z < 0,

fil@) = —fil (—2) = 89—;TF9(1 + ) 2 + (1 +2)?]

Se
—. 151
- (151)

where we have used the charge symmetry to write down the antiquark PDF in a gluon when

x>0
g ] g’ 2 2 Se
fojo(@) = fg(2) = —@TFe(l —x) [2°+ (1 —2)?] - (152)
We see that when x < 0, the (1 + x) factor sets a lower bound —1 to z. Note that it is
. 1 1 1 1 :
because gluon is charge neutral that have fcg/]g(x) = CE/]Q(J:), but f(g/]g(a:) = —fé/]g(—x) is true

for any target, not necessarily neutral. Then we have the complete quark PDF in a gluon

' g
_WTF [2° + (1 — 2)?] ~ when0 <z < 1
T
1 () — 'S Se 153
fq/g(x) = +WTF [:L‘2 + (1+ .r)Q] —  when —1<2x<0 (153)
s €
0 otherwise

\

which is an odd function of x. This can also be calculated using the same approach, but
for x < 0 there are more cut diagrams and the calculation is more involved. Since it does
not turn out to be very useful, I will not discuss it unless I have time to complete this part

later. And the antiquark PDF can be also provided.

C. NLO: Quark in quark

The diagrams for quark PDF in a (on-shell massless) quark target are shown in Fig. 10-12,
where (a)(b)(g) should be accompanied by their Hermitian conjugate, obtained by flipping
left and right. (d) and (f) are each other’s Hermitian conjugate.
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D — 1

(a) (b) ()

FIG. 10: Three of the NLO cut diagrams for quark PDF in a quark target. Note that no momentum
flows through the Wilson line across the cut line. This allows to label the momentum on the Wilson

line in (a) and (b). The Hermitian conjugate of diagrams (a) and (b) should also be included.

oy PE R AN yi
RahsS Rens RagsS

(d) (e) (f)
FIG. 11: Three of NLO cut diagrams for quark PDF in a quark target. These diagrams vanish

because n, g"'n, = n? = 0.

A gluon attached to the Wilson line has a vertex proportional to n,,. A gluon propagator
contains a g"” factor. If the both ends of a gluon propagator attach to the Wilson line, the

diagram is proportional to n, g*“n, = n* = 0. So diagrams (d)(e)(f) in Fig. 11 vanish.

1. Virtual gluon radiation (a)

Diagram (a) in Fig. 10 represents a virtual gluon radiation. In the DIS factorization
context, it comes from the virtual collinear gluon radiation of the quark parton, and is
factorized into the Wilson line. So this part is supposed to only capture the collinear

configuration. But after factorized into the PDF, the loop momentum [ extends to infinity,
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+c.t.
p

(2)

FIG. 12: NLO external leg corrections for quark PDF in a quark target, accompanied by the QCD

counterterm due to the field renormalization factor Z,. The Hermitian conjugated diagram should
also be included. Since their UV divergences have already been subtracted by Z», they do not

contribute new UV divergences to the bare PDF.

and then the Wilson line propagator leads to a new divergence called rapidity divergence.
This is not inherent in the DIS process, and we will see a cancelation of rapidity divergence
between the virtual emission (a) and the real emission (b).

Following the Feynman rules outlined in Sec. III, diagram (a) together with its Hermitian
conjugate gives

(ata®) _ s+ + d’l
f(())q/q - (p —Ip ) (27T)dx

N i il . —ig" P
Tr | — (—igusn, T —iguy,TE) —————=| + h.c.
- T[Q (~ign, ”)n-(l—p)-l—isl?—kis( S Jl)(p—l)2+i52 e
ty b
4 Tr [77/73]
— —id*uECud(pt — apT / h.c.
WHECR W =) | e R (B ) (- DE )

(154)

where §(p™ — xp™) is from rule 3 on p. 24 since no momentum flows to the final states,
(—z’g,uan#Ti‘;-) is the Wilson line vertex for the attached gluon and T3 is the fundamental
representation generator with a being the gluon color index and i, j the quark color indices,
and i/ (n-(l —p)) is the gauge link propagator whose momentum is obtained from the
momentum conservation of the link vertex. There is a sum over a and 7, but not ¢, which
gives the Cr factor.

[ is a genuine loop momentum, each component extending to infinity. The gauge link

propagator only contains [T component. This suggests to express the integration in light-
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FIG. 13: The pole structure of [~ for the loop momentum [ in the virtual correction of quark PDF

in quark target (diagram (a) in Fig. 10), when 0 < [T < p*.

cone coordinate

/ dl = / dirdl=d* =1y (155)
> 4ie =211 — 3 +ie (156)

(p—0*+ic=-2(p" —IT)I" =13 +ic (157)

For the integral of [, there are two poles, one from the quark propagator (2, the other from
the gluon propagator (p —1)2. For the integral to be non-zero, it is necessary that these two
poles lie on different sides of the real axis on the complex [~ plane. This constrains [* to be

between 0 and p*:

Only when 0 < [T < p* is the [~ integral non-zero. (158)
12 12
Then [? gives a [~ pole at 2% —ig and (p—1)% at _Q(pJF—T—l*) +ig, shown in Fig. 13. The
distance between them is
bl 1 (159)
2\t " pt =1t

When Il — 0, they become infinitely closer so that the [~ contour is pinched by these
two poles, which means that there is no way to deform the contour to avoid them and the
integration must encompass the region where the integrand is very large (infinite as l; — 0).
A non-zero Iy regulates the pinch singularity. So the integral of [~ is a singular function
of 7 when [r — 0. We perform the [~ integration by deform the contour to encircle the

pole of (p — 1)? on the upper half of the complex plane, which picks the residue of [~ at
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—12./2(p™ —I") +ie. Equivalently this is done by replacing the propagator of the gluon by

1 7 12
— s ——— 5 [T+ —L— | =215 ((p = 1)? 1
(p—10)?+ie e —2(pt —11) ( + 2(p+ — l+)> o ((p—1)°) (160)
just like cutting the gluon propagator. Picking this pole then gives
13 pt
P=2" ">+ |-l =——10] 161
( 2(p+—l+)> T T T (161)

{ Ivm] = 20"p* (162)

and the integral in Eq. (154) becomes

/dl*dzzElT 20T pt 27
d _ + ]+

(27) (I =p") <_p+pjl+ l%) 2p i)
. /P+ A /d22€lT 1
R A e O T

£ 1
I (4m) ado /le ,25 .
K (87r2)F(1—5)/0 —a (163)

where on the third line we have defined o = [ /p™. Notice that the integral of [~ gives a
1/1% singularity, arising from the on-shellness of /2 when [% = 0. This gives a logarithmically
singular integral dl2/1%. This happens when I7 = 0 and both [ (the quark momentum) and
(p — 1) (the gluon momentum) are on-shell and have positive + components, and therefore
is of collinear origin. So the collinear divergence is a pinch singularity. Note that collinear
divergence only requires two lines (the quark and the gluon propagators) to be collinear and
on-shell, in contrast to the soft divergence where a soft gluon connects two on-shell quark

lines so three lines are on-shell.

v 4
N

In the full DIS diagram (before factorization), the Wilson line here is replaced by a quark

line with momentum [ 4 ¢, whose virtuality is
(I+q? =21 +¢"I" +q)—1B+(ie) =20 —a)p™(I” +¢ ) -5 +¢ (164)

where we add the i< in its propagator to indicate the pole position. It gives the [~ pole on

the same side as (p — [)?, so still only 0 < a < 1 gives non-zero [~ integration. Due to the
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existence of the hard scale ¢~ ~ Q, the pole is to the left of the (p —)? pole by distance ¢,
so only [? and (p — [)? can be pinched for the [~ integral. In the Breit frame,

p=(®",0,07), p=p+q=(0,p",07), ¢=(—p*,p",07),Q*> = —¢* =2(p")*.

So, when picking the [? pole, we have
= =20—apt (G pt )~ —i-a@ -t )
2ap™ Q@
After performing the integration of [~ by picking the I? pole, we have an integral of o from
0 to 1. We notice that I cuts off the singularity when o — 1. If we neglect I%, we would a
divergent result from fol da/(1 — ).

When keeping the %, the divergence at o — 1 turns to be a In(I%/Q?). Together with
the [ dI3./i3 from the pinched integration of I~, we would get a double log of Q2. If we use
a lower cutoff A? for Iz, the leading singular structure is like In*(Q?/m?). This is singular
at m — 0, i.e., [ — 0. Note that one of the logs comes from the I — 0 for a fixed o # 1,
which is collinear singularity; the other comes from « integration when o — 1 while taking

lr = 0,0r (p—1) = 0, i.e., the gluon is soft. So the double-log singularity comes from the

region where the gluon is both soft and collinear.

However, when getting to the [ integration in the PDF, we found an unregulated divergent
integral of o as @ — 1. This is due to the Wilson line propagator 1/(IT — p™). It arises from
the eikonal approximation that we only keep [ in the other quark propagator in the hard
process, which allows to detach the gluon from the hard part onto the gauge link. That is,
we have thrown away the [% in Eq. (165) in the first place. However, after doing this the
[T integration extends to infinity, and especially including the region where I cannot be
ignored, which makes [T — p' an unregulated singularity. At the [~ pole that we deform

the contour to encircle, we have, for the quark and gluon momenta

qg: = (ap+, _ﬁ7 lT) (166)
g: (p—1)= ((1 - Oé)er» mjﬁ7 lT) (167)

For fixed I, as @ — 1, the + component of the gluon momentum goes to 0+, but its —

component goes to +o00, so it becomes very collinear to the Wilson line along n direction,
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having rapidity y = 27 'In[(p — )™ /(p — I)7] — —o0. So we call this divergence rapidity

divergence. The quark becomes far off-shell here. There will also be rapidity divergence

from the real gluon emission diagram (b) in Fig. 10, and they will cancel exactly.
Combining Eq. (154) and (163) gives

2 2
(atat) B G*Crp (4mp?)° ado dl
fae @) = 51— )2 . / it (168)

where “h.c.” became a factor 2 because the result of each diagram is real.

2. Real gluon radiation, part one: (b)

Diagram (b) in Fig. 10 represents a real gluon radiation. In the DIS factorization context,
it comes from the interference between the real gluon emissions of the initial state quark
and the final state quark and momentum region where the gluon is collinear to the initial
state quark. In this case, the gluon is factorized into the Wilson line, as captured by this

diagram. Following the Feynman rules, we have '3

sl = [0~ ap®) () 2 (9~ R?) 006 — K4)x

Gy
x Tr l% k;ﬁ = (—igusyT5) 7; m—e :;) — (iguan“Ti‘;)] he
= —ocr [ F e (0 17) e
= g wCF (27T>d ™ p (p+ — k?"‘) (/{32 T ié—f) .C.

Using Eq. (160) allows to directly compare to Eq. (154)

f d ZIvTs
Foyaia () = 91> Crd(p* p*)/ (;lﬂl)d(%r)é((p—l)Q) o _[H) (PJ%) +he (170)

We see that the integrations of k—, k7 and [7, I are the same. The only differences are

e i is replaced by [T and is integrated, while both £* and [T are confined in (0, 1).

e There is a sign difference, because the momenta of the gauge links in (a) and (b) are

opposite.

13 From now on, we will omit the §(1 — ) function, keeping in mind that our calculation is valid only for
x > 0 and the PDFs only have support at < 1. This is enough for our purpose. One can get the PDF's
at x < 0 using Eq. (38).
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If there is no 6(k™ — xp™) function, both results would be exactly the same, except for a
—d(pT —xp™) factor. §(k*T —xp™) picks the value of the kT integrand at k™ = zp™. Since the
ultimate result of Eq. (170) is an integration form of « (I7), by picking its value at [T = zp™
and removing the —d(p™ — axp™) factor in Eq. (168), we can directly write down the result
for Eq. (169):

2 2\e [e%¢} 2
(b+b1) 9°Cr (4mp?) o / dkr L2) 2%
— 171
f(O)Q/q (:L‘) A2 F(l _ 5) 1—z J, k% ( T) ( 7 )

This has the same rapidity divergence as x — 1, but here = is not integrated. This will
cancel the rapidity in f((g“ J;‘;q

1, these two diagrams would cancel exactly.

(x), due to the oppsite signs. If we integrate over = from 0 to

That the rapidity divergence must cancel between the virtual and read diagrams is be-
cause rapidity divergence is of infrared origin. When « or z go close to 1, the + momentum
of the gluon line goes to 0, so does the gauge link propgator. This can be shown more clearly
in light-cone gauge where there is no gauge link and the gauge link propagator turns into
the special propagator 1/(n-k) in the gluon propagator. So rapidity divergence occurs when
this propagator goes soft. Since we do not observe those soft particles, they cancel between
real and virtual diagrams, as a result of unitarity. This is also reflected in the fact that the
two Wilson lines on the left and right of the cut line can be connected together into one link.
If we observe the kp the final states, the two Wilson lines can not be connected, and the
soft singularities will not be canceled. In that case, they will become a Sudakov soft factor.

There is also collinear singularity at the limit when k7 — 0. For the virtual diagram (a),
we have demonstrated that the collinear divergence comes from the region where the quark
and gluon lines are pinched as I — 0, forcing the [~ contour to be close to the poles and
leading to 1/13 singularity. Here the gluon is a real particle in the final state, and [~ is fixed
by the on-shell condition, for given kr and k7. We shall not talk about whether the contour
can be deformed. But we do see that as kpr is small, the £~ value selected by the on-shell

condition (the d ((p — k)?) function) forces the virtuality of the quark line to be small:
— k2 p+ 1
BP=2kt | —0—L— ) —k}=——"kt=———k} =0 172
(2(p+—k+) r pt—k+ T 1—z 7 (172)
So as kr — 0, the (virtual) quark line also becomes on-shell. We also call such configuration
a pinch by extending the concept. A pinch corresponds to a region where one or more
propagators are forced to be close to mass shell. In this case, their propagators blow up and

give a large and possibly divergent contribution to the integral.
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Finally, both (a) and (b) contain UV divergences as Iy or kr — 0o. As explained before,
this is an artifact due to factorization where we disentangle I or kr from the hard process
and extend their integration range to infinity. The UV divergence will be removed by the

counterterms.

3. Cancelation of rapidity divergence: the plus distribution
When we sum over diagram (a) and (b), we get
2 2\e 1 2
(a-+b) g°Cr (4mp®) x 5 / ada / dls. —92¢
—0(1 — [
Joya/a®) = A2 T(1—¢e) \1—=z (1-2) o 1—a) )y BB - (7).
2 2
9°Crp (4mp*)e x / le 9\ —2¢
= l 173
dr2 T(1—¢e) \1-2 /), Jo l2 ( ) (173)

where we formally defined a “plus” function of x. Generally, if a function P(z) has singularity

of z at x =1 and (1 — z)P(x) is not singular, then we can define

[P(x)], = P(z) —6(1 — :L‘)/O daP(a) (174)

The §(1 — z) formally takes away the singularity of P(z) at x = 1. More strictly, this should
be understood as an integration kernel, in the same sense of ¢ function. [P(x)], is defined

such that

[P(z)], = P(z) when 0 < z < 1

) 1 (175)
[ delP@l. s@ = [ deP@se@ - 1)

where f(z) is a regular function. We can use either Eq. (175) or Eq. (174) to perform
algebraic calculations of the + distributions. For example, the plus distribution in Eq. (180)

is

=T —14+6(1—2) (176)
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while a function times a plus distribution is easier to use Eq. (175) to transform, e.g.,

x/(1 — x)4 can be transformed using

! x [ af@) - fY) 1$($f($)—xf(1))+(17—1)f(1)
/Odzc—( >+f(a:)—/0 dx——/o d

1z (1—x)4 1—x
- [t gy - [ (£ —a0-o)] s
(177)
to
(1 —$x)+ B <1fx)+_5(1_x) (178)
So we have
x x 1
(1—x)+_<1—x>++5“‘x>—m—1+5<1—x> (179)
Therefore,
(a+b 2Cp (4rp?)® k2 o
f(O)Q/)q( )= 947?2 Igz(llli)g) [(1 _1x)+ — 1401 - :1:')1 /O 2 L(k3)" (180)

This is well defined (free of singularity for =) in the sense of integration, which is all about
the perturbative PDF. We will use it to derive the splitting kernel and calculate the hard

coefficients, both of which only have physical meanings as integration kernels.

4. Real gluon radiation, part two: (c)

Diagram (c) in Fig. 10 represents the other real gluon radiation. In the DIS factorization
context, it comes from a real collinear gluon emission of the initial state quark. In this case,
the gluon is factorized into the Wilson line, as captured by this diagram. Following the

Feynman rules, we have

d
) = [ 60 =) (=) 23 (9= K7) 01" — )
x Tr {% k;ﬁ (—ign %Tﬂ)g (igu* 7 T5) k2_ iﬂ }

[ e 'VM'%]
(k% + ie) (k? — ie)

dk—d* %k
— _PWCr / R 08 (p— k)?)

Gy (181)
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There is no new feature in this diagram. And we proceed by integrating out the £~ using

the 0 function

2 - ki
(=2 = g (4 ) "
which then gives
T[] = (2—d)Tr {%/ﬂ;lyf} =(2—4d) [2k+k; p— p+k2} = —2(1 —e)ptkZ (184)

So we have

2—2¢ 2
(c) 9 92 d“"“kr 1 1—2 Lo
f(O)q/q(x> =—9n CF/ (2m)d-1 2(1 — z)p* <_ k% (_2(1 —e)p kT)

:g2u2ecF(1—g>(1—x)/%ki2
_92CF (4mp?)® dkT 2
L S0 [ (185)

Still, we have collinear and UV divergences. The collinear divergence comes from pinched
quark propagator as kr — 0, just as in diagram (b). Note that there are two quark propa-
gators going on-shell in this case, but the numerator contains a factor of k2, so the collinear

divergence is still logarithmic.

5. UV subtraction and splitting kernel: combining (a)(b)(c)

There is one more diagram (g) which concerns the external leg corrections. It also con-
tains UV and collinear divergences. But the UV divergences are subtracted by the QCD
counterterms from Z,, the wavefunction renormalization coefficient of quark field. So the
diagram (g) together with its counterterm does not give new UV divergence, and thus does
not affect the PDF renormalization. We will deal with it in the next subsection.

By combining diagram (a)(b)(c), we have, for the bare PDF

(a+b+c) 2CF T 2)e dk2 —2e
f(O )a/q ( ) = 9871'2 F(‘(llli)g) (1 —2x)+ —2+20(1—2)+ (1 —¢)(1— 37)1 /0 k2 (kT)

(186)

which is 0 in DR. The counterterm (Z,,Z)Y(x) in Eq. (46) subtracts the UV divergence,
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SO

(Z Zo)1)(2) = LCF h ot os(l—2) 1 z] <—§>

82 [(1—2)4 €
SE gQCF 2

=|—-—— —-1- 20(1 — 1

(25 o] o
which gives the UV renormalized PDF
2
(a+b+c) S:\ 9°Cr 2

=|-—— —-1- 20(1 — 1

fq/q () < e ) 872 [(1 — ),  + 26( x)] (188)

where we have removed the subscript ‘(0)’ to indicate that this is the renormalized PDF.
The 1/e pole represents the collinear divergence.

To obtain Z([,}Z] (z), we also need Zg] in Feynman gauge, which is calculated in the appendix

2
ZW = <§> 9°Cr (189)

e ) 16m2’

and is

So

Z0(=) = (244 22)" (2) = 61 = )2}

qq

. Sa gQC’F 2 3
and the splitting kernel
2C 2 3
pll(z) = I ZF Cl— 42801 — 191
qq (Z) 87T2 (1 _ Z>+ z + 2(5( Z) ( 9 )

Note that the PDF in Eq. (188) is not the ultimate form, for which we still need the

contribution from diagram (g), which we now turn to.

6. FEzternal leg correction (g)

For the external (on-shell) leg corrections in (g) and its Hermitian conjugate, issues may
arise for the on-shell propagators following the loop. The correct treatment is given by LSZ

reduction formula, which tells us that the full effects of external on-shell leg corrections are
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a factor of the residue of the full propagator at its pole. A full quark propagator is given by

_ () ————
ﬁ—m+i€+¢—m+iez 2<¢)¢—m+ie+

il (p)
i 1 1 2
T p—m—tic 1_22(¢)¢—m—|—i5+ <_22<’¢),¢—m+i5> +]
i 1
T p—m—tic L+ () sz
T m+ () +ie

(192)

where m is the renormalized mass (e.g., MS mass), not necessarily the physical pole mass

mp. The residue of IIy(p) at its pole (the pole mass mp) is given by

. 3 1 1
residue [II2(p)] = pE%p(]é - mP)Fj —m+ So(f) +ie 1+ 34 = mp)
=1-X(p=mp)+--- (193)

where we only kept the terms relevant for the one-loop calculation. Taking a square root

gives

residue ()] = 1 — %2’2(35 — mp) 4 (194)

At one-loop order, we only keep the first two terms and X, only contains the one-loop

diagram and the leading-order counterterm, i.e.,
S0 = =0 + 2 (195)

And then the square root of the residue

Vresidue [IL(p)] =1 — % <$;(")L=mp + Zé”) (196)

This is the factor to be multiplied to the external leg without any loop corrections (ampu-

tated leg). At 1-loop order, the effect is just to multiply the factor
1 (ds©
— ﬂ' + 7z (197)
2 d¢ b:mP

The O (y) and 22“] in the massless case and MS scheme are provided in Appendix A 1 a,
cf. Eq. (A2) and (A5). We can see that after taking a derivative of X(?)(§) with respect

to the leg in the tree graph.
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to p and then taking p to the pole mass, which is 0 in massless case, we end up with
scaleless integrals, which are 0 in DR. It also means that the bare X contains both UV

]

and collinear divergences. After subtracting UV divergence with ZQ , we are only left with
collinear divergences. So the only effect of the external leg correction is to multiply the tree
diagram by a factor

1

1
- 522” (198)

which should be understood as the collinear divergence in the one-loop external leg correc-
tion.

So, diagram (g) and its Hermitian conjugate give

92CF &
€

1
£ (@) = — - 289 () 4 e = 20061 — 2) = T2
9 167

q/q q/q

s(1—z)  (199)

Note that we did not add the subscript ‘(0)” because this is already renormalized.

7. Final result, combining (a)(b)(c) with (g)

Combing Eq. (188) and (199) gives the complete result for renormalized quark PDF in a

massless quark target at 1-loop level

fi(x) = (_§> 9°Cr {( 2 a4 ;5(1 — ) (200)

e ) 8% |[(1—x)4

D. NLO: Gluon in quark

* ¥
p—k
p
FIG. 14: NLO cut diagrams for gluon PDF in a quark target.
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Now we turn to the calculation of gluon PDF. Contrary to quark PDF case, gluon PDF
does not enter the NLO calculation of DIS, so we will not compare with the full DIS diagram
before factorization, but the idea of how we end up with the factorized PDF diagrams is
very similar. It can be understood by imagining a new current that interacts directly with
gluons. Then we have the exact analogy to the quark PDF' case.

For gluon PDF, the gauge link is in adjoint representation, and the gauge-link vertex
should be changed accordingly. The gluon PDF in a quark target is easier since there is
only one diagram, shown in Fig. 14, where we have used the same Lorentz index j for both
gluon-link vertices to indicate an implicit sum over 7 = 1, 2, as required by the parton vertex
in Eq. (53). Following the Feynman rules, we have

1
k? — ie x

—1
k2 4+ ie

i) = 1 [ a0 = ™) (<i(h* ] = m,)) = (i~ )

~apt
x Tr {(27% (0= #)%) (= §) (—ign™"T},) Zg (Z’WW”T{})]
Uy [P ke, ]

= 9k OF/—(27r)d1 o ((p—k)?) (k2)2><

(g~ W) T 6= )9 5o | (et o) (201)

where 1/xp* is from the gluon parton vertex, (—i(kTg) — kin,)) and (i(k*g] — kin,)) are
the vertex where the gluon connects with the gauge link, and the minus sign in the gluon
propagator is due to the —g,,, numerator. a and 75 are the color indices for gluon and quark,
respectively, and a, j are summed over, which gives the Cr factor.

We have seen the 4 ((p — k)?)

k:T)Q structures several times, in Fig. 8 for quark in a

gluon and Fig. 10(c) for quark in a quark. They have the same pinch structures, and we can

directly copy the results

0 (0= h)%) Gz = (k_ M fi)p*) 2(1 —‘th)p+ (1’;;)2

_ k:?r 1—z 1
‘5<’“ +2<1—ac>p+) o (2 (202)

This naturally give a 1/k+ singularity. However, the numerator will give an extra k2. factor

so that the divergence is still logarithmic, as we will verify now.

The two gluon-link vertices give four terms, which we calculate one by one now. The first
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term 1is

e (8= ) B | el = 001 [ (0= ) B | =~ - ) |

2

=<2—2e><k+>2Tr[<¢—%>§]=<2—2e><k+>2<—2p-k>=2<1—s>lx PR (208)

—
where we have used the fact that p = pT™y~ anticommutes with 77 and /47 = —(2 — 2¢).

The second term is
T (5= o B gt = ot [ 5 B
= —2KkT [(p — kYp*] = 22(p") k2 (204)

The third term is

s (6 B ) (i) = w9 - ) ]
= —2k7kT [(p — k’)jp+] = 2x(p*)%k3 (205)

And the fourth term is

()T |06 B S| (i) = 1 5= )7 )

=2k7 [2(p — k)*pT] = 4(1 — 2)(p*)*k7 (206)

So the numerator is

(gt = ) T |8 = 1)1+ 5] (gt = wom,)

2 2

—2(p*)2k2 {(1 — ) T yort21- x)] — 2(p*)2k2 {(1 — ) - —+ 2} (207)

We see that each term is proportional to k2.

Plugging Eq. (202) and (207) in Eq. (201), we then have

1 5 o > krl—2z 1 272 72
f(O o) = xp+g K CF/ (2m)d-1 2pt (k2)2 2(p") "kt (1—5)1 . +2
2 2 2 2
g Cpr (4rp)E [1+(1—2 dk7. .
— 87r2F 12(1—25) [ <x ) —m}/ =R L(k3)~ (208)

T

The UV pole is canceled by ZhJ (x), so we have
S, 92 OF 1+ (1 — Z)2
1 €
ZW(z) = - (—) (209)

€ 82 z
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And then we have the renormalized gluon PDF in a quark target

e = - (E) 25 [ (210

€ & 2 z

and the splitting kernel

2 2
1 . g CF 1+ (1 - Z)
Pll(z) = s { . (211)

E. NLO: Gluon in gluon

W I-p I p w/ ¥\ ¥ iy

99/pfk
l k k
p—1 p—k
) — k
p P p

(a) (b) () (d)
FIG. 15: The diagrams of one-loop gluon PDF in a gluon target. Diagrams (b)(c)(d) should
be accompanied by their Hermitian conjugates. Three cut diagrams where both ends of a gluon

propagator attach to the Wilson line vanish and are not shown.

The diagrams for gluon PDF in a gluon target are shown Fig. 15, where diagrams (b)(c)(d)
should be accompanied by their Hermitian conjugates. Three cut diagrams where both ends
of a gluon propagator attach to the Wilson line (like Fig. 11) vanish for the same reason
and are not shown. The pinch structures and rapidity divergences (if any) follow exactly the
diagrams for quark PDF in quark target, because they have the similar structures. These will
not be analyzed in detail again. Although the pinch structures (propagator denominators)
are the same, it is the numerators that make them have different results (and possibly

different strengths of pinch singularities).
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1. Virtual gluon radiation: (a)

Following the Feynman rules, diagram (a) and its Hermitian conjugate give
d . . .
(a+a) —L(S T / d“l 7 —i —1
f(o)g/g (=) xpt (™ —p7) @2m)dn-(l—p)+ic 2 +ic (p—1)* + ie
x [=i(ptg) —Vn,)] [i(p* g — P'n)] (—gi® na fean) €1(p)e™* (p)
X (=g fane) [(0 + 1)*g" + (p — 20" g" + (I — 2p)Pg™] + h.c.

1 i1 1 1
22,2 _
= —ig"n=Cad(l —2) (1?*)2/(27r)dl+—p+ 2 +ie (p—1)? +ie

eu(0) (0t g) — Uny) [(p+ 1) g™ + (p— 20)"n” + (1 — 2p)’n*] (p* g — p'n,)e™ (p) + h.c.
(212)

where we have identified £ = p and used the §(1 — ) function to set x = 1 in the parton

vertex. a, b, c are the gluon color factors and b, ¢ are summed over to give Cy
Z fabcfabc = CA = Nc- (213)
b,c

The propagators are the same as Eq. (154) for the diagram (a) in Fig. 10. So when the
integral of [~ is only non-zero when 0 < [ < p*, and then [? and (p — [)? give [~ poles
on the lower and upper half planes respectively. Picking the pole of (p — [)? gives, from

Eq. (160) and (161),

1 1 _opt=iti 2mi sl + 12
2+ic (p—02+ie pt G =2(pt —1F) 2(pt —11)
i1 12
SR N S 214
F (o) @

The numerator is independent of [~ and can be calculated directly
eu(P) (0T g) = Uny) [(p+ DT g™ + (p — 200" + (I — 2p)n"] (p*g), — P'1, )" (p)
=(p*g) = VUn,) [(p+1)Te(p) — 2L - e(p) n*] (pT 7 (p))
= +0 P ()
=(p")*(p* +1") (215)

where we used 0 = p-e(p) = n-e(p) =n? =n/ and ) &’ (p)e?*(p) = 1. Then we have

>l 1 1
it N2t ot
p+ / l / 27'(' d l+ _ p+ l2 (p ) (p +l )

-0 SO [ [ o)

a (ZT 15
Fi ) = 2mgiCad(1 )
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where the unregulated divergence at o — 1 reflects the rapidity divergence. As before,
I7 integral contains logarithmic collinear divergence, arising from pinched [? and (p — [)?

propagators, and logarithmic UV divergence as a result of extending [ integration to infinity.

2. Real gluon radiation, part one: (b)

Diagram (b) together with its Hermitian conjugate gives

(b+bT) . 1 ddk B —1 —1 - o 2
Fwua®) = :BF/ it )T e e 2 (k)
x [=i(k* gl — kn,)] [i(k* g — )] (491" nx fean) €0(p)e” (p) X

X (—gttf fae) [(0 + k) 9" + (p — 2k)#g”* + (k — 2p)Pg™] + h.c.

1 [dkd>%ky 1 1
2 2 T 2
= —2ux o((p—Fk
gH CAxp+ / (2m)d=1  pt —kt+ k%2 4 ie (0= #)°)
en(P) (KT gl — Kny) [(0+ B)T 9" + (p — 2k)"n” + (k — 2p)’n"] (K" g] — p'n.)e”* (p) + hoc.
(217)

Note the ‘—’ sign caused by the f®° to the right of the cut line, which is highlighted by red
font, as given by the first rule on p. 24. * Here we can not directly write down the result
based on f((g)t;;), because although these two expressions are very similar, with k& playing

the role of [ in f((é);rg b;;, there are still two differences:

e The vertices connecting gluon parton lines to the gauge link contain k* = xp™ in (b),

while in (a) it is simply p™;

e The parton vertex contains an extra factor of 1/z in (b), which is set to 1 by the

d(1 — z) function in (a).

So unlike the quark PDF case where the result of the real emission is just the integrand of
the virtual one, here we had better be careful to calculate explicitly. The ¢ function sets a
pinch to the 1/k? propagator when kr is small:
1 pt—kt 1 1 k2
-5 - = (=" -\ - sl +-—T
w0 = (P ) e (T

SR Y R B (218)
2tk 2(pt —kT)

14 The effects caused by this sign are all fonted in red in the following.
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The numerator is
ea()(ktg) — Kn,) [(p+ k) g™ + (p — 2k)"n” + (k — 2p)n*] (kT g) — p'ny)e"* (p)
=(k*g) —k'n,) [(p+ k) e"(p) — 2k - e(p) n*] (kT (p))

=(k")* (p+ k)" (p)e”(p) = 2* (1L + 2)(p")? (219)

So, we have

f(O)g/g( ) g H OA:L‘p"‘ / (271-)51—1 p+ —kt 2p+ g X (1 + :E)(p ) + h.c.
2 2 2
g°Cy (4mp?) z(1+ ) / dkz . _
- : 220
g Fl—¢) 1—=x k2. (k) (220)

This also has rapidity divergence at x — 1, but there is an extra factor x compared to the

integrand of Eq. (216). The rapidity divergence will get canceled when combining (a) and
(b).
3. Cancelation of rapidity divergence: combining (a) and (b)

Combing Eq. (216) and (220) gives

2C u?)e 1 dk2.
Forals(®) = s é?lﬁi)g) xﬁlff) —5(1—:,;)/0 daia}/ e

The square bracket can be rewritten as a plus distribution:

(x—l)(x+2)+2_5(1_x)/1da—1+04+2

[]:

11—z 11—«
2 ! 2
:—x—2+1_x—5(1—x)/0 da(_1+1—a)
2
SO
(a+b) g2CA (477'#2)5 2 % —e

which is well defined as a distribution of z, including the end point z = 1.
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4. Real gluon radiation, part one: (c)

Diagram (c) contributes

f<0)g/g wlﬁ/ ddk +)k2:fz.€ k2z_i€ (=2m)0 ((p — k)*) x
x [ k+gp —kn,)] [i(k"gs — k'no)] (=97 fave) (F91° Fave)eu(p)es, () %
X [ (p+ k)" + (p — 2k)"g” + (k — 2p)pg’\“} X
x [—(p+ k) g" + (2k — p)"g”* + (20 — k)7 g™]

1 dk~d**ky 1
2 2 T 2
= — € 5 - k
g r CAprr / 2m)d1 (k2)2 ((p = &)%) x
X en(p) (kT g} — k) [(0+ k) " + (p — 2k)" g + (k — 2p)Pg™'] x
x ey (D) (K gh = ko) [(p+ k) " + (0 — 2k) g7 + (k — 2p)7g™]  (224)
Note again the ‘—’ sign caused by the f®¢ to the right of the cut line, which is highlighted

by red font, as given by the first rule on p. 24. ' We calculate each line one by one. The
two propagators of k together with the ¢ function give, as in Eq. (202)

9 B _ k2. l—2z 1
501 g = (" ) ' 22)

T

The second line is denoted as L7

L? = e,(p) (kT g} — K'n,) [(p+ k) g™ + (p — 2k)"9" + (k — 2p)* g™
= (k*g) — K'n,) [(p + k)" (p) — 2k - (p)g™ + (k — 2p)**(p)]
= k" [(p+ k) (p) — 2k - e(p)g + K eNp)] — K [2k - e(p)n* + (k — 2p) T (p)]
2 (kg — kK'n*) (kr - er) + kT (k + p)*e’ (p) + 2k pT e (p) (226)

where in the last line we organized in terms of (p), and we have used k- = —kie! = —kp-er.

The third line R/* can be obtained from L7* by just changing ¢ to &*

R? =2 (k"¢ — k'n*) (kr - €7) + k" (k +p) " (p) + 2K p" ¥ (p) (227)

15 The effects caused by this sign are all fonted in red in the following.
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Then the product of L* and R’* with j and A contracted is 1
PR = 4 (kg — k) (K — bn®) (k- e0) (k- €3) + (K20 + p)? — 4(0*)R2
+ [2kT (k4 p)* (kT ¢ — K'n?) (kr - er) €7 (p) + c.c.]
+ [4p* K (kT g — k/n*) e (p) (kr - e7) + c.c.]
+ [-2kTpT (k7 - er) (kr - ) + c.c] (228)
The 2nd-4th lines sum up to 0, so we have
LR = A(k*)°g" (kr - er) (kr - e7) + (K5)*(k + p)* — 4(0™)°k7 (229)

After integrating over k~, the denorminator is spherically symmetric with k7, which allows

us to do the replacement

k,’zk‘] — ﬁkj 5” (230)
in the numerator. Then we have
1 . 1
(kr-er) (kr-e7) — ﬁkz e (p)e’(p) = = 28@ (231)
So,
o 1
LRI 4P (—(2 = 22)) =5 + (K (k + ) — 4R
2 (43272 202 L os +127.2
= —4dz” (p")ky — l—m(p )k —4(p" ) ky
72
= —2(p")%k2 {2:52 + + 2} (232)
Therefore, the diagram (c) is
1 > *kpl—2 1 x?
— 12,2 T +127.2 2
f(O)g/g( T) =+g CAxp+/ @it 2t (127 2(p7) ky [233 T, +2]
2 2
9°Ca (4mp?)® 2(1 — x) /dkT 2
= —— [22(1 — 2
+87r2 T1—c) r(l—x)+x+ . 2 (k) (233)

5. UV subtraction and splitting kernel: combining (a)(b)(c)

Combining (a)(b)(c) gives
£t (@) = +987(;;A lﬁlgﬁ l) [2 ((1 _1x)+ ba(l—z)—1+ (1 - x)) +0(1— x)] /%(/ﬂ%)ﬁ

(234)

16 Here we carelessly write both \ as upper indices, in order to have a more symmetric and neat form. It

should be understood as the usual Lorentz index contraction between upper and lower indices.

29



This is 0 in DR, but it contains UV and collinear divergences and is not 0 after renormal-
ization. Diagram (d) does not give new UV divergence, so the UV pole of the gluon PDF is
given by the above expression, which is subtracted by (Z,,Z3)!(z). So we have

_%92CA

1 _
(ZggZ3)[ ](x) T ]2

{2(( ! +x(1—x)—1+1_7x)+5(1—x)} (235)

1—x);

And then the renormalized gluon PDF (including only (a)(b)(c), incomplete so far) is

2
(a+b+c) o (1] _ _&9 Ca 1 N l—x o
fg/g () =0+ (ZyyZ3)"  (z) = i 2 1=, +z(l—2)—1+ . +0(1—x)
(236)
Zg4q is obtained by subtracting Zg], the gluon field renormalization factor, which in Feynman

gauge takes the form

_CA — - an:| (237)
where n; is the number of active quark flavors. So we have

Zy(2) = (Zyg Z:)"(2) = Z56(1 — 2)

g __5%9g {ZCA (ﬁ +2(1—2)—1+ 1= Z) + (1—61CA - ;nfTF> 6(1— 2)]

(238)

and the g — ¢ splitting/evolution kernel

{2CA (ﬁ ba(l— ) — 142 - Z) + (%CA - gnfTF) 5(1 — z)}

{QC’A <<; fa(l— )+ Z) + <%0A - gnfTF) 5(1— z)]

1—2), z

Pll(z) =

99

9
872
9
82

(239)

In the second line we used the algebra of plus distribution (also in Eq. (179)) to get the
same form as Collins Eq. (9.24).

6. FExternal leg correction (d)

Now we include the external leg correction (d). Similar to the quark case, the whole effect

of the radiative correction on the external on-shell leg is to give a factor of the square root
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of the residue of the full (renormalized) propagator at its pole. We denote the one-particle-

irreducible (1PI) two-point gluon function as

= (p*g" — p"p”) bap illo(p?) (240)

where the counterterms have been included and the tensor structure (p*g*” — pp”) has been
factored out by virtue of Ward identity. At O(g?) order, II5(p?) has been calculated in
Appendix A 2a.

In the general R; gauge, the full gluon propagator is

,a v, b
iGly (p) = , ,
p p

—1 ., 'Y pr'p” —1 P
= . (g“ ——5 +t&{—; )5ab+ . <g” - — )H(p2)5ab~-
D j% D

p? +ie P 2 +ie

ol o PP 5o 9 2/ 9 —i pp”

= : — w [T+ TI(p?) + 11 +- ]+ . 84
pzﬂg(g 2 b | (p*) + 1% (p?) ] R §p2 b

— —t puv pﬂpV> 5 —1 p,upz/

— : N | S . Sa 241
AT+ ie (g ) 0t e S e (241

where we have separated the two tensor projection structures g"” — ptp”/p* and ptp”/p?,
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and used

)\

m
gh — g, —
(A P2
P\ Ppy
w _
(%__p2> P2 =0

PoADP Dy DDy
P2 p: PP

_P'py
2

)

(242)
(243)

(244)

The transverse structure of 1PI diagrams leave the ¢ term unchanged, and keep the pole of

the propagator at p? = 0. But it modifies to residue to be

residue = 1_—1_[(0)

=1+11(0) +

Thus the one-loop correction of the gluon externel leg gives a factor

Vresidue =

1 1(0) 2

From Appendix A 2af, IT(p?

where Zy[)l]

and thus vanishes. And then we have

11(0) = — 24!

1
=1+ -I1(0) + O(g*

)

(245)

(246)

) contains the bare term and the counterterm

(247)

is given in Eq. (A36). When taking p? to 0, II()(0) is a scaleless integral in DR

(248)

So the external diagram (d) contributes a factor —2*1Z?[)1] to the bare gluon PDF. Together

with its Hermitian conjugate, we have

+gqf
fg(gg)

4 = — 70501 — 2)

()

7. Final result, combining (a)(b)(c) with (d)

(249)

Combing Eq. (236) and (249) gives the complete result for renormalized gluon PDF in a

gluon target at 1-loop level

Aig
€ 82

1

o (o

l1—2z

fog(@) =

+z(l—2)—1+

1—x)y T

2

3

11
2O, —
MGE

T ) 81 2)
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Appendix A: Field Renormalization

1. Quark field renormalization: Z,

a. Feynman gauge

o
X

S
S

[
SA
=y
=Y

(a) (b)

FIG. 16: Self energy diagrams for quark in QCD. (a) is the one-loop diagram. (b) is the counterterm

interaction.

The quark field renormalization is related to diagrams shown in Fig. 16. In Feynman
gauge, the diagram (a) gives

dl i —])  —igw
2m)d(p—1)2+icl? +ic

v = (—iguFAT) / (—igu*y"Ty;)

2 2% N d’l YW =D
=~ 1 Crdy / 2m)d (12 1+ i) ((p — 1) + i¢)
d
(d 2) 2aCF5Zj d’l Zé _/l

(2m)4 (12 + ie) ((p — 1)? + ie)
(A1)

where we have used massless partons. Using Feynman parametrization for the propagators

gives
d —
i) = (d - 2)g* > Cpéy; / dz / a1 (. —3
(I = xp)? — x(z — 1)p? + ic]
d —
=2(1 — &)g?u*Cpdy; / dx / ‘” (L= )y (A2)
w(x — 1)p? + i)

This has UV divergence

_ ! i S:
uv(is) = 292CF5ij/0 de(l —x)p {(4@2?1
S,

- o e a3
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This is canceled by the counterterm diagram (b)

i(Zs = 1)1 6y (Ad)
so we have
2
w9 Cr S

where the superscript ‘[1]” denotes the perturbation order in terms of .

2. Gluon field renormalization: Z3

a. Feynman gauge

(a) (b) ()
k
o, a v, b I, a v, b
—_— —_—
oo ; :
(@) (@)

FIG. 17: Self energy diagrams for gluon in QCD. (a) is the quark loop diagram. (b) is gluon bubble

diagram. (c) is the seagull diagram. (d) is the ghost loop diagram. (e) is the counterterm diagram.

Gluon self-energy diagrams at 1-loop level are shown in Fig. 17. The superficial degree
of UV divergence is quadratic, which shows up as a pole at d = 2 in DR, but due to gauge
invariance, quadratic divergences cancel and we only have UV pole at d = 4. The sum of

them have the structure
d1 (p) = (P°g" — p"p”) Sap ill2(p%) (A6)
holding for any value of d.
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a. Fermion Loop. Diagram (a) contributes only log divergence and it alone satisfies
the structure in Eq. (A6) because Ward identity holds for this diagram alone. It gives
d'k i(f —p) il
'H(a)/“’ —_ / T —iguETe i sTb v
g™ () s (2m)@ g {( ign L") (k — p)? +ie (—ignT5i") k% +ic

. 2 2 dk Tr [’Y“(/ﬁ( _Zé)’YV]ﬂ
R aey| @ (F—p)? + ) (&% + ) (A7)

where we used massless quarks and 7y is the number of active quark flavors. i, j are the color

indices of the quarks in the loop and are summed over, giving T%. Performing Feynman
parametrization to the denominators gives
1 _ /1 " 1
((k = p)?* +ie) (k* + ic) o [(k—ap)? —z(x —1)p? + i)
Then we shift &k — k + zp in the integrand and keep only the even powers of k. The

(A8)

numerator becomes

Tr [V (K — PV H] — 4 [ 2K1K" — K2 g + 2x(x — D)p'p” — a(z — 1)p* g™

2
o [?l kg™ — kg™ + 2x(z — 1) p'p” — x(z — 1)p® 9’4

_y K% - 1) B2 g 4 2u(z — 1) p'p’ — a(z — D)p? g’“’] (A9)

where in the second line we replaced k*k” by ékzg’“’ since they give the same result after
k integration. We see that the d = 2 pole from the k% term is canceled by the coefficient
2/d — 1 which is 0 at d = 2, so we only have a pole at d = 4, representing logarithmic
divergence. Then we have

IO () = —4g% 4% Ty 60y / s / d'k (5-1) kg +a(x—1) 'y’ —p*g")
“ e k2 — 2(z — 1)p? + ie]’

(A10)
The k integration gives two parts
/ddk (%—1);@ __(2_1)c_i ; I(1— d/2)
QM) k2 — z(z— Dp2+ic?  \d 2 (AP (1 — ) — i
o ['(2—d/2)
N (47r)dr2 [—2(1 — z)p? — ie]l_d/Q (A11)
and
dk 1 o (2 —d/2)
/ 2m)? (k2 — x(x — 1)p? + i) (4m)4/? —a(1 — 2)p? — i (A12)
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so the k integral is

J )= e F_i); u 235]“ (= 2P+ ale— 1) (2 — )]
{ 2 —-4d/2) > o
~ (4m)?? [—a(1 — 2)p? — ig]* " 20 =) (g =) (A13)

where the tensor structure (p*g"” — ptp”) appears before integrating over x. We then have

8ig> L Ay :
.H(a),uu _ _(5a 2 uYy o,V T-T / d 1 —
il (p) b (PP = p'p”) ¥ )nf Pl(e) | dea(l = 2) (=2 — iz

8ig? ! 1 47 2
= —0w (P°g" — P"D") (49) nfTF/O dr (1 — ) {——”YJrln(_ ( . 7 )}

£ z(1 —x)p? —ie
(A14)

The 1/¢ is the UV pole arising from the loop momentum k — oo. There is also a singu-
larity as p?> — 0, which is a collinear singularity. It arises from the configuration where
quark and antiquark are collinear to the gluon line and propagate in the forward direction,

corresponding to a pinch surface
Et=zp', (p—kH=(01-2)p" 0<z<]1 (A15)

The collinear singularity and the UV pole add up to 0 when p? = 0. This can be seen from
Eq. (A10), which becomes a scaleless integral in DR when we take p* = 0, so is 0. The UV

pole is

ig? 4 S

uv {ZH(a ,ul/( )} _ 5ab <pquV o pupl/)

which will be canceled by the counterterm diagram (e). The renormalized diagram (a) is

then

. 9 9
.y(a,ren)uv v v g 4 ol 20
ZH((lb n (p) = —0up (p2g“ — p“p ) (471_)271fTF |:§ In (ﬂ) + §:| (Al?)

We have kept ie with —p? to make it clear how to deal with negative —p? when we need to

pick up the imaginary part.
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b.  Gluon bubble. Diagram (b) gives
1 [ d% i —i
T8 (Y — = /
Moo ) =5 | Gryi = el ric ™
X (=g faca) [(p + k)" + (p — 2k)" g™ + (k — 2p)Pg"] x
X (=g foea) [ (p + k)79"" — (p — 2k)" 9" — (k — 2p)°g”"]

1, / 49k Now
= 2% C 5
I S A0a | o (k= p) 1 i2) (k2 +ic)

X [(p+ k)7 g"" + (p — 2k)"g" + (k — 2p)Pg”"] x
X [(p+ k)¢ + (p—2k)"¢" + (k — 2p)’g°"]

(A18)
where the numerator N* is

N =[(p+k)7g"" + (p — 2k)"g" + (k —2p)Pg”"] - [(p + k)79"" + (p — 2k)"g* + (k — 2p)"g°"]
= (p+k)°g" +d(p—2k)"(p — 2k)" + (k — 2p)°g"
+(p+ k) (p—2k)" + (p+k)"(k—2p)" + (p—2k)"(k —2p)" + (1 <> V)] (A19)

Using the Feynman parametrization formula in Eq. (A8), we replace k by k + zp, throw

away the linear term of k£, and obtain the numerator

NM — 2(2d — 3)kMk” + 2k g™ + [d(1 — 2x)* — 6 (2° — z + 1)] p"p” + p°g" (22% — 22 + 5)

— %(zd = 3)kPg" + 2k g" + [d(1 — 22)* — 6 (2® — z + 1) | p'p” + p’g" (22° — 2z + 5)
=6 (1 — é) kgh + [d(l —22)% —6 (x2 -+ 1)] pip” + pP gt (2x2 — 2z + 5)
= N}” (A20)

1
where in the second line we replaced k*k” by C—leg“”. So diagram (b) gives

ddk: N"”
O™ (p) = —g2 U204 5, / d / A21
oy (p) 4 Oab T K — a(z — 1)p? —I—w] ( )

with the new numerator given by Eq. (A20). We notice that the d = 2 pole is not canceled,

so this diagram alone does not satisfy gauge invariance or Ward identity. Only the sum of

(b)(d)(e) will do.
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c. Four-point gluon bubble. Diagram (c) gives

1 Ak —i
~H(C)W 2 2 /
t ab (p) 2( Zg % ) (27T)d k2 + 1€ X
X [facdfbcd (QWQW - gupgpy) + facdfoca (gwgpp - Qupgpy)]

dk 1
= —¢?u*Cu0,(d—1 W/ I
g Cadurld = L)g (2m)4 k2 + ie

This is a scaleless integral in DR and formally vanishes. But it contains quadratic diver-

(A22)

gence, which shall cancel part of that in diagram (b). In DR, the quadratic divergence
cancels against the logarithmic divergence. Although the final result will not be affected,
it is convenient to separate the quadratic and log divergences and see the explicit cancela-
tion of quadratic divergence. By multipling a factor (k — p)?/(k — p)? and using Feynman

parametrization (A8) we get

. d'k (k —p)*
5™ (p) = —g* 1> Cadan(d — /
M 7) N T )
d 2 2,2
z(x — 1)p? + ie]?

where k? gives quadratic divergence and ( — :c) p? gives logarlthmic divergence. Despite
the appearance, this integral still vanishes after integrating over k and x (for arbitrary d).

Note that the combination of (b) and (c) does not cancel the pole at d = 2. This is a sign
of a chain of violations: first, this means that gluon will acquire a mass through radiative
corrections; second, gauge invariance is not retained; third, a longitudinal component of
gluon field (a new degree of freedom) is generated, violating unitarity; fourth, Ward identity
is not satisfied (as a result of gauge invariance breaking and longitudinal component). This
means that the ghost bubble (d) is necessary to restore gauge invariance, unitarity, and
Ward identity.

d. Ghost bubble. The ghost bubble diagram diagram (d) gives

d?k 1 )
'H(d)lw — _/ w _ v
G ab (p) (27T)d k2+7:€ (k—p)2+Z€ (gfdack )(ngbd(k p) )
% Kt (k — p)”
— _ 42 250 5(1 /
ST [ @ (e +ie) (k= p)? + o)
d 1k2 nz — 1)pH
- QECAéab/ d:c/ @’k 49 +x(x Ll (A24)
w(x — 1)p? + ie]?

where the overall negative sign is from the ghost loop and in the third line we have performed

1
Feynman parametrization, shifted the momentum £ and replaced k*k” by Ekzg“”.
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e. Combination of (a)(b)(c)(d). First we shall see the cancelation of quadratic diver-
gence among the gluon loop and ghost loop. The k? coefficient in the sum of (b)(c)(d)

18

R

apart from the overall coefficient ¢?1u?C4d,. It indeed gives a zero at d = 2 and cancels the
pole at d = 2. So we are left with only log divergence.
Summing over diagrams (b)(c)(d) gives

1 ddk’ N
1T () = 212 Cp6, / dx / A26
ab (p) g M A b 0 (27T)d [kz _ l‘("]j _ 1)p2 + 25]2 ( )

with the new numerator N*¥ being

p,l/__(d_2)22,uu 12;1,1/ 2 _ . _N2,2 uv
NW = y kg +2pg (22° =22 +5) — (d — 1)(1 — 2)*p’g
1
—1—5 [d(1 —22)* =6 (2 — 2+ 1)] p'p” + 2(1 — 2)p"p” (A27)

Before evaluating the k integral, we notice that the denominator has the structure z(1 — x)
which is symmetric with z — 1 —x, i.e., symmetric with the axis z = 1/2. So only the pieces
symmetric with z — 1 — x in the numerator will give non-zero results. We select them by
rewriting the x polynomial as a polynomial of (1 — 2z), and throwing away the odd-power

terms. This gives

—92)2 — —
N — — (d d2) kg + p*gh” (—6 5 d +(d —2)z(1 — x)) + pt'p” (2(2 —d)x(1—2z)+ %)

__d=2f _d2)2k29’“’ — (d —2)z(1 — x)p*g"™ (A28)

The only terms thown is the (1 —2x)/2 in (1 —2)? in the thrid term of Eq. (A27). We have

expressed the result in terms of x(1 — ). Then the integration of k gives

. b4-c+d) v Z e v v
IO () = WF(Z —d/2)g* 1> Cabay - (P°g" — pHp”) x

« /01 dx (—:z:(l _ i«)pz _ ie)H/Q {6%[ +2(d— a1 — x)}

) 2 €
g Y Y AT
= (i Ot 0 =) (525 ) o

x/()l (m(ll_x))e[6;d+2(d—2)x(1—x)] (A29)
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We see that here (p*g"” — ptp”) structure appears partly after the integration of z since we
already used the property of x integral. Integrating out x then gives
r1(b+ct+d)uv { v v
i et (p) = e G-/ 2)g°1* Cadasy - (p°g"" — p'p") X
6—d
X TB(I —&l—¢e)+2(d—-2)B(2—¢,2—¢)

Z‘ 2 5S€ 5 2 31
- —(4“1)2 Cadar - (0°g" — P'p") (gg +3ln ﬁ 9T 0(5)) (A30)

Similar to fermion loop, p? = 0 gives a collinear divergence, arising from pinch singularity.

This pole cancels the UV pole in DR since taking p? = 0 results in a scaleless integral (see

Eq. (A26)) which is 0 in DR. The UV pole is

P 2
7 (b+c+d) v _ 2 v 1qg é %
UV {ill,, (p)} = b (P’ — P"D") (in)? (3 Ca— (A31)

This pole will be removed by counterterm diagram (e), and the renormalized two-point

function is

. 2 2
r1(ren)(b+ctd)uv g v v D % 31
anb )(b+etd)p (p) = (47‘(‘)2 Cadap - (pQg“ —ph'p ) (g In ﬂ + 3) (A32>

Combining with Eq. (A16) and Eq. (A17), we have the total UV pole

;2

TTHY — 2 pvo v g § _é %
OV (I 0 = 0 (P~ 9) 1 (50— guete) T (s

and the renormalized two point function

2

q(rem)m z y s 4 2 31C4 — 20n,T,
G (p) = 2 Cabay - (P9 — p'D") [(§CA_‘”J‘TF> o (u_> e =

(47)? 3 —p? —ie 9

(A34)

[ Counterterm diagram. The counterterm diagram (e) gives a contribution
i (p) = =i (Zs — 1) u(p*g" — p"p") (A35)

This shall cancel the UV poles of (a-d) in Eq. (A33), so we have
2 5) 4 S,
0z = 9 (20, 1) 2 A36
3 ( 3 ) (47_(_)2 3 A 3 nf F € ( )
The renormalized two-point function is in fact

T (p) = L (p) 4+ 4115 (1) (A37)
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As p? = 0, the bare term vanishes, and all we have is the counterterm contribution, so
iﬂgzen)“y(p) = iHEfb't‘)“V(p) = —iZgl]éab(pQQ“” —p'p”)  asp?=0 (A38)

This then gives

2
g 5 4 S
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