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It should be noted that the negative NLO contribution results
in an anticorrelation between its uncertainty and the uncer-
tainty from the LO contribution, consequently resulting in a
slight reduction in the overall uncertainty that has been
incorporated into Eq. (3.34).
The hadronic LbL contributions, although small compared

to the hadronic vacuum polarization sector, have, in the past,
beendetermined throughmodel-dependent approaches.These
are based on meson exchanges, the large Nc limit, ChPT
estimates, short distance constraints from the operator product
expansion, andpQCD.Over time, several different approaches
to evaluating ahad;LbLμ have been attempted, resulting in good
agreement for the leading Nc (π0 exchange) contribution, but
differing for subleading effects. A commonly quoted deter-
mination of the LbL contribution is the “Glasgow consensus”
estimate of ahad;LbLμ ðGlasgow consensusÞ ¼ ð10.5 $ 2.6Þ ×
10−10 [101] (alternatively, see [102–105]). However, recent
works [106–108] have reevaluated the contribution toahad;LbLμ

due to axial exchanges, where it has been found that this
contribution has, in the past, been overestimated due to an
incorrect assumption that the form factors for the axial meson
contribution are symmetric under the exchange of two photon
momenta [106]. Under this assumption, the determination in
[102] previously found the axial vector contribution to be
ahad;LbL;axialμ ¼ð2.2$ 0.5Þ×10−10. Correcting this reduces this
contribution to ahad;LbL;axialμ ¼ð0.8$ 0.3Þ×10−10 [106,107].
Applying this adjustment to theGlasgow consensus result, the
estimate in [108] finds

ahad;LbLμ ¼ ð9.8 $ 2.6Þ × 10−10; ð3:35Þ

which is the chosen estimate for ahad;LbLμ in this work. This
result is notably lower than the previously accepted LbL
estimates and will incur an overall downward shift on aSMμ . It
is, however, still within the original uncertainties when
comparing with the original Glasgow consensus estimate.
Alternatively, it should be noted that the estimate of
ahad;LbLμ ¼ ð10.2 $ 3.9Þ × 10−10 [108,109], which is a result
that is independent of the Glasgow consensus estimate,
could be employed here. In addition, the recent work [105]
has provided an estimate for the next-to-leading order
hadronic LbL contribution. It has found ahad;NLO-LbLμ ¼
ð0.3 $ 0.2Þ × 10−10, which does not alter the hadronic
LbL contribution significantly, but is taken into account
in the full SM prediction given below.
Much work has also been directed at the possibility of a

model independent calculation of ahad;LbLμ to further consoli-
date the SM prediction of aμ. One approach involves the
measurement of transition form factors by KLOE-2 and
BESIII, which can be expected to constrain the leading
pseudoscalar-pole (π0, η; η0) contribution to a precision of
approximately 15% [108]. Alternatively, the pion transition
formfactor (π0 → γ%γ%) canbecalculated on the lattice for the
same purpose [110]. New efforts into the prospects of

determining ahad;LbLμ using dispersive approaches are also
very promising [111–116], where the dispersion relations are
formulated to calculate either thegeneral hadronicLbL tensor
or to calculate ahad;LbLμ directly. These approaches will allow
for the determination of the hadronic LbL contributions from
experimental data and, at the very least, will invoke stringent
constraints on future estimates. Last, there has been huge
progress in developingmethods for a direct lattice simulation
of ahad;LbLμ [110,117–123]. With a proof of principle already
well established, an estimate of approximately 10% accuracy
seems possible in the near future. Considering these develop-
ments and the efforts of the Muon g − 2 Theory Initiative
[124] to promote the collaborative work of many different
groups, the determination of ahad;LbLμ on the level of the
Glasgowconsensuswill, at thevery least, be consolidated and
a reduction of the uncertainty seems highly probable on the
time scales of the new g − 2 experiments.
Following Eq. (3.31), the sum of all the sectors of the SM

results in a total value of the anomalous magnetic moment
of the muon of

aSMμ ¼ ð11659182.04 $ 3.56Þ × 10−10; ð3:36Þ
where the uncertainty is determined from the uncertainties
of the individual SM contributions added in quadrature.
Comparing this with the current experimental measurement
given in Eq. (1.1) results in a deviation of

Δaμ ¼ ð27.06 $ 7.26Þ × 10−10; ð3:37Þ
corresponding to a 3.7σ discrepancy. This result is compared
with other determinations of aSMμ in Fig. 25. In particular, a
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FIG. 25. A comparison of recent andprevious evaluations ofaSMμ .
The analyses listed in chronological order are DHMZ10 [84], JS11
[85], HLMNT11 [9], FJ17 [79], and DHMZ17 [78]. The prediction
from this work is listed as KNT18, which defines the uncertainty
band that other analyses are compared to. The current uncertainty
on the experimental measurement [1–4] is given by the light blue
band. The light grey band represents the hypothetical situation of
the new experimental measurement at Fermilab yielding the same
mean value for aexpμ as the BNL measurement, but achieving the
projected fourfold improvement in its uncertainty [5].

MUON g − 2 AND αðM2
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E821 2004

A. Keshavarzi, D. Nomura, T. Teubner, Phys. Rev. D 97, 114025 (2018)

Note that electron g-2 is consistent with the SM.



Why muon g-2 is important?
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?

[x10-10]
Numbers from A. Keshavarzi, D. Nomura, T. Teubner, 
Phys. Rev. D 97, 114025 (2018)

Anomaly effect as big as the weak contributions



Why muon g-2 is important?

• Thermal dark matter relic density

– <sv> ~ 3 x 10-26 cm2/s (from CMB)

• Contribution to muon g-2
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“Probing minimal SUSY scenarios in the 
light of muon g − 2 and dark matter”
M. Endo, K. Hamaguchi, S. Iwamoto, 
and K. Yanagi, JHEP 1706, 031 (2017)
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Previous experiment: BNL E824
Ongoing experiment: Fermilab E989

Photo courtesy of Fermilab E989

B= 1.45 T

14m

µ+ (3 GeV)
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Thermal muonium
production,
Ionization laser

Muon storage
magnet(3 T)

MLF muon experimental
facility (H-line)

Positron tracking
detector

Proton beam (3 GeV)

Surface muon (4 MeV)

Ultra-slow muon (25 meV)

Reaccelerated muon(212 MeV)

3D spiral injection
Muon LINAC

Muon g-2/EDM
experiment
at J-PARC

Features:
• Low emittance muon beam (1/1000)
• No strong focusing (1/1000) & good injection eff. (x10)
• Compact storage ring (1/20) 
• Tracking detector with large acceptance
• Completely different from BNL/FNAL method



Comparison of experiments

Prog. Theor. Exp. Phys. 2019, 053C02 (2019)



Contents

• Spin properties of muon
• Building a magnet from SM
• Measurement of g-2
• Searching for EDM
• Technical advances for higher precision
• Auxiliary measurements with muonium



References

• “Precision Muon Physics” T.P. Gorringe, D.W. Hertzog
– Prog. Part. Nucl. Phys. 84, 73 (2015)

• “Lepton Dipole Moments” L. Roberts, W. Marciano
– Advanced Series on Directions in High Energy Physics – Vol. 20, World 

Scientific (2010)

• “The Anomalous Magnetic Moment of the Muon” (2nd ed.), by 
F. Jegerlehner
– Springer Tracts in Modern Physics 274 (2017)

Springer Tracts in Modern Physics 274

Friedrich Jegerlehner

The Anomalous 
Magnetic Moment 
of the Muon
 Second Edition 



International school on muon dipole 
moment and hadronic effects

13Sep 17-21, 2018 @BINP https://indico.inp.nsk.su/event/14/



School on muon g-2 and hadronic
effects

• AUGUST 23 - 28, 2020
• Erbracher hof, Mainz, Germany 14
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Gravity

Strong force

Particle Interactions
Electromagnetic force

Weak force

muon

quark muon

quark quark-an5quark pair

EM force

electron
muon

electron

muon muon neutrino

electron

electron neutrino

Muon “feels” all four interactions. 



Muon

200 times heavier than electron
Decays in 2.2 μsec (conserving “lepton flavor”)
Has a spin ½
Feels all interactions (including unknown ones if any)

e μ

19

Muon is



Dipole moments
• A pair of spatially separated (electric,magnetic) 

charges
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N
μ

Electric Dipole Moment Magnetic Dipole Moment
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Dipole moments
• A pair of spatially separated (electric,magnetic) 

charges

+Q

-Q
d μ

Electric Dipole Moment Magnetic Dipole Moment

current
Area
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Classical Electro-Magnetizm
• Magnetic moment

• Angular momentum

• Using above relation,

~L =
X

~xi ⇥m~vi

~M ⌘ 1

2

Z
~x⇥ ~J(~x)d3~x =

q

2

X
~xi ⇥ ~vi

~M =
q

2m
~L



Dipole moments of elementary par0cle
• Dipole moment�“charge” x �spacial distance�
• Spin� only quantity with directional property
• Dipole moment ∝ Spin

spins

23



Electron spin and magnetic dipole 
moment

• Hamiltonian

• Magnetic dipole moment

gL , gS : Lande’s g factor. “1” in classic mechanics

~M =
q

2m
~L

H = � ~M · ~B
~M = gL

e

2m
~L+ gS

e

2m
~S



Quantum theory of the electron (1928)

• In a non-relativistic limit of the Dirac equation:

• From this, gL = 1 and gS = 2.

i~@ 
@t

=


p2

2m
� e

2m
(~L+ 2~S)

�
 

Proceedings of the Royal Society A: Mathematical, Physical and Engineering Sciences 117 (778): 610. 



Observations of the Failure of Conservation of Parity 
and Charge Conjugation in Meson Decays: The 

Magnetic Moment of the Free Muon
R. Garwin, L. Lederman, M. Weinrich, Phys.Rev. 105 (1957) 1415–1417. 

π+

μ+
e+



Pion decay and P-viola.on

• Two body decay of charged pion�BR=99.9877%, 
τ=26ns�

27

π+ μ+νμ

spin 0
neutrion� left handed
helicity�−� helicity�−�

~s · ~p
|~s||~p|

P-violating quantity

⇡+ ! µ+ + ⌫µ



Muon decay and Parity violation

• Positron emission angle 
follows the structure of 
weak interaction (V-A type).

• Higher energy positron 
tends to emit along muon’s 
spin direction.
– Parity violation

28

spin

Positron emission angle
at p(e+)=pmax=mμ/2

µ ! ⌫µ + e+ ⌫̄e
<latexit sha1_base64="TtKcq6NSZtfon4BwtbtLHVQpw9s="></latexit>



Muon magnetic moment

Magne-c
moment

μ
B

Magnetic moment (spin) 
precesses under magnetic 
field.

Larmor precession

d~µ

dt
= ~µ⇥ ~B



Equation of vector rotation

30

Rotation
axis

Rota4ng vector

Goldstein, Classical Mechanics (2nd ed.), p174

d ~M

dt
= ~⌦⇥ ~M



Precession

31

Courtesy: LucasVB

Rotation
axis

Direction of
gravity



Equation of spin precession

32

d~s

dt
= ~⌦⇥ ~s

Rotation
axis

spin



Muon magnetic moment

Magnetic
moment

μ

B

Magnetic moment (spin) 

precesses under magnetic 

field.

R. Garwin, L. Lederman, M. Weinrich, 

Phys.Rev. 105 (1957) 1415–1417. 
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Observations of the Failure of Conservation of Parity 

and Charge Conjugation in Meson Decays: The 
Magnetic Moment of the Free Muon

R. Garwin, L. Lederman, M. Weinrich, Phys.Rev. 105 (1957) 1415–1417. 

Three important discoveries

��P-violation in pion decay
��P-violation in muon decay
��Muon’s magnetic moment

π+

μ+
e+



Measurement of magnetic moment of 
electron

Phys. Rev. 74, 250 (1948)

gS > 2 !?



Quantum corrections

γ

µ µ

1

e e

γ

µ µ

1

e e

Dirac’s theory QED

g = 2 g = 2 (1 + α/2π+…)

+ …

Schwinger



g-2 and Julian Schwinger
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The centennial : 2018 December
A dedicate workshop in UCLA

Schwinger’s Memorial Stone



Vacuum fluctuate!
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• The Lande’s g factor is 2 in tree level (Dirac equation)

• In quantum field theory, g factor gets corrections:

g = 2 ( 1 + a)

���
������
�
�	����

�
	����g���



Anomalous magnetic moment

40

All interactions, including ones we don’t know,
appear in quantum loops, and add up to contribute aμ



Electron’s anomalous magnetic 
moment�ae�

and 
Quantum Electro Dynamics�QED�



Electron’s anomalous magnetic moment ae
• Anomalous magnetic moment is defined as  

• Kusch and Foley : Zeeman splitting of Ga, In, Na atoms (1947)

• Schwinger’s radiative correction;

ae = 1.19(5)⇥ 10�3

ae =
↵

2⇡
= 1.161...⇥ 10�3

ae =
ge � 2

2



Anomalous magnetic moment of electron ae

• Measurement of spin mo3on in a quantum cyclotron 
(Penning trap) by Gabrielse’s group at Harvard

cyclotron anomaly



David Hanneke    Gerald Gabrielse



Electron’s anomalous magnetic moment ae
• Harvard group measured with cylindrical Penning trap

• Aoyama, Kinoshita, Nio completed 10th order QED 
calculations. Together with non-QED contributions one 
obtains

ae = 1 159 652 180.73(28)⇥ 10�12

T. Aoyama, T. Kinoshita, M. Nio, Atoms, 7(1), 28 (2019)

10th order  had�EW α(Cs)
ae = 1 159 652 181.606 (11)(11)(229)⇥ 10�12

<latexit sha1_base64="DNoXZ6UK1hn+Cg/SqWtUU5dIddk="></latexit>

�ae = ae(exp)� ae(SM) = �0.88 (36)⇥ 10�12
<latexit sha1_base64="vLJiV3YiCS3DLWFawSs3rK6D2Uk="></latexit>



Building a magnet from SM (+ BSM)

46

Electro-
magnetic
interaction

Strong
interaction

Weak
interaction

BSM
interaction
+ particles



How many combinations to connect 
two lego blocks?
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How many combinations to connect 
two lego blocks?

489 combinations



Building a magnet from SM (+ BSM)
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Photon Particles
(electron, muon, etc.)
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Parts Recipe:
Consider all combinations 
of parts and sum them up



Building a magnet from SM (+ BSM)
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Simplest case ( 1 photon + 1 particle )

This term has a magnitude of 1



Building a magnet from SM (+ BSM)
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Next simplest case ( 2 photons + 1 par>cle)

This term has a magnitude of a/2p(=0.00116…).



Building a magnet from SM (+ BSM)
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1                         0.00116…

= 1.00116…� …                         

Sum up all combinations.



Building a magnet from SM (+ BSM)
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How many combinations?

<latexit sha1_base64="RPEZpekkuiFi5lQ+2fhNxB/1up4="></latexit><latexit sha1_base64="RPEZpekkuiFi5lQ+2fhNxB/1up4="></latexit><latexit sha1_base64="RPEZpekkuiFi5lQ+2fhNxB/1up4="></latexit><latexit sha1_base64="JNnG3QcXge5cDNkST9ERgLNvMT8="></latexit><latexit sha1_base64="D7GrAYdElxw4p3qy3dQhhtdu9+Y="></latexit><latexit sha1_base64="D7GrAYdElxw4p3qy3dQhhtdu9+Y="></latexit><latexit sha1_base64="Ds2tq9nTO5oOa1p3WB0EU+Vq8N4="></latexit><latexit sha1_base64="RPEZpekkuiFi5lQ+2fhNxB/1up4="></latexit><latexit sha1_base64="RPEZpekkuiFi5lQ+2fhNxB/1up4="></latexit><latexit sha1_base64="RPEZpekkuiFi5lQ+2fhNxB/1up4="></latexit><latexit sha1_base64="RPEZpekkuiFi5lQ+2fhNxB/1up4="></latexit><latexit sha1_base64="RPEZpekkuiFi5lQ+2fhNxB/1up4="></latexit><latexit sha1_base64="RPEZpekkuiFi5lQ+2fhNxB/1up4="></latexit>

<latexit sha1_base64="X9VL+5RQLb6vzqpsNPAgM2ekraE="></latexit><latexit sha1_base64="X9VL+5RQLb6vzqpsNPAgM2ekraE="></latexit><latexit sha1_base64="X9VL+5RQLb6vzqpsNPAgM2ekraE="></latexit><latexit sha1_base64="JNnG3QcXge5cDNkST9ERgLNvMT8="></latexit><latexit sha1_base64="PaJA+6ax5hhK54IgkQPtCfrSbBA="></latexit><latexit sha1_base64="PaJA+6ax5hhK54IgkQPtCfrSbBA="></latexit><latexit sha1_base64="xA4qFKHavaUNrnx6QnadDLVUd0g="></latexit><latexit sha1_base64="X9VL+5RQLb6vzqpsNPAgM2ekraE="></latexit><latexit sha1_base64="X9VL+5RQLb6vzqpsNPAgM2ekraE="></latexit><latexit sha1_base64="X9VL+5RQLb6vzqpsNPAgM2ekraE="></latexit><latexit sha1_base64="X9VL+5RQLb6vzqpsNPAgM2ekraE="></latexit><latexit sha1_base64="X9VL+5RQLb6vzqpsNPAgM2ekraE="></latexit><latexit sha1_base64="X9VL+5RQLb6vzqpsNPAgM2ekraE="></latexit>

+ or
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<latexit sha1_base64="VnoT6nbpYI2UOtAGeM/tZ2BrBYE="></latexit><latexit sha1_base64="VnoT6nbpYI2UOtAGeM/tZ2BrBYE="></latexit><latexit sha1_base64="VnoT6nbpYI2UOtAGeM/tZ2BrBYE="></latexit><latexit sha1_base64="VnoT6nbpYI2UOtAGeM/tZ2BrBYE="></latexit>

<latexit sha1_base64="q2Pr0wL6MwNkfxjLXCosbYmAbtg="></latexit><latexit sha1_base64="q2Pr0wL6MwNkfxjLXCosbYmAbtg="></latexit><latexit sha1_base64="q2Pr0wL6MwNkfxjLXCosbYmAbtg="></latexit><latexit sha1_base64="q2Pr0wL6MwNkfxjLXCosbYmAbtg="></latexit>

<latexit sha1_base64="mAISOEGZexUn+UJLCyDPqDg3UKM="></latexit><latexit sha1_base64="mAISOEGZexUn+UJLCyDPqDg3UKM="></latexit><latexit sha1_base64="mAISOEGZexUn+UJLCyDPqDg3UKM="></latexit><latexit sha1_base64="JNnG3QcXge5cDNkST9ERgLNvMT8="></latexit><latexit sha1_base64="VXTYheR8uCAJ8YjV0pKGPinBt9A="></latexit><latexit sha1_base64="VXTYheR8uCAJ8YjV0pKGPinBt9A="></latexit><latexit sha1_base64="0nHPNM1i22lB4nSKzUDN/Cbi1lI="></latexit><latexit sha1_base64="mAISOEGZexUn+UJLCyDPqDg3UKM="></latexit><latexit sha1_base64="mAISOEGZexUn+UJLCyDPqDg3UKM="></latexit><latexit sha1_base64="mAISOEGZexUn+UJLCyDPqDg3UKM="></latexit><latexit sha1_base64="mAISOEGZexUn+UJLCyDPqDg3UKM="></latexit><latexit sha1_base64="mAISOEGZexUn+UJLCyDPqDg3UKM="></latexit><latexit sha1_base64="JNnG3QcXge5cDNkST9ERgLNvMT8="></latexit><latexit sha1_base64="VXTYheR8uCAJ8YjV0pKGPinBt9A="></latexit><latexit sha1_base64="VXTYheR8uCAJ8YjV0pKGPinBt9A="></latexit><latexit sha1_base64="0nHPNM1i22lB4nSKzUDN/Cbi1lI="></latexit><latexit sha1_base64="mAISOEGZexUn+UJLCyDPqDg3UKM="></latexit><latexit sha1_base64="mAISOEGZexUn+UJLCyDPqDg3UKM="></latexit><latexit sha1_base64="mAISOEGZexUn+UJLCyDPqDg3UKM="></latexit><latexit sha1_base64="mAISOEGZexUn+UJLCyDPqDg3UKM="></latexit><latexit sha1_base64="mAISOEGZexUn+UJLCyDPqDg3UKM="></latexit><latexit sha1_base64="mAISOEGZexUn+UJLCyDPqDg3UKM="></latexit>

<latexit sha1_base64="ebK40+kShdFDzqstLKWKyJWvwu4="></latexit><latexit sha1_base64="ebK40+kShdFDzqstLKWKyJWvwu4="></latexit><latexit sha1_base64="ebK40+kShdFDzqstLKWKyJWvwu4="></latexit><latexit sha1_base64="ebK40+kShdFDzqstLKWKyJWvwu4="></latexit>

<latexit sha1_base64="1oz8XFZ1Sk2EWoUMvKF86eaAzJQ="></latexit><latexit sha1_base64="1oz8XFZ1Sk2EWoUMvKF86eaAzJQ="></latexit><latexit sha1_base64="1oz8XFZ1Sk2EWoUMvKF86eaAzJQ="></latexit><latexit sha1_base64="1oz8XFZ1Sk2EWoUMvKF86eaAzJQ="></latexit>

Ans.:

��

��

7 combinations

Magnitude of these terms is -0.32x(a/p)2(=0.0000017).
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<latexit sha1_base64="xaoE1xtsM/MFW4cOMN/d2G6Z8Bs="></latexit><latexit sha1_base64="xaoE1xtsM/MFW4cOMN/d2G6Z8Bs="></latexit><latexit sha1_base64="xaoE1xtsM/MFW4cOMN/d2G6Z8Bs="></latexit><latexit sha1_base64="xaoE1xtsM/MFW4cOMN/d2G6Z8Bs="></latexit>

<latexit sha1_base64="RPEZpekkuiFi5lQ+2fhNxB/1up4="></latexit><latexit sha1_base64="RPEZpekkuiFi5lQ+2fhNxB/1up4="></latexit><latexit sha1_base64="RPEZpekkuiFi5lQ+2fhNxB/1up4="></latexit><latexit sha1_base64="JNnG3QcXge5cDNkST9ERgLNvMT8="></latexit><latexit sha1_base64="D7GrAYdElxw4p3qy3dQhhtdu9+Y="></latexit><latexit sha1_base64="D7GrAYdElxw4p3qy3dQhhtdu9+Y="></latexit><latexit sha1_base64="Ds2tq9nTO5oOa1p3WB0EU+Vq8N4="></latexit><latexit sha1_base64="RPEZpekkuiFi5lQ+2fhNxB/1up4="></latexit><latexit sha1_base64="RPEZpekkuiFi5lQ+2fhNxB/1up4="></latexit><latexit sha1_base64="RPEZpekkuiFi5lQ+2fhNxB/1up4="></latexit><latexit sha1_base64="RPEZpekkuiFi5lQ+2fhNxB/1up4="></latexit><latexit sha1_base64="RPEZpekkuiFi5lQ+2fhNxB/1up4="></latexit><latexit sha1_base64="RPEZpekkuiFi5lQ+2fhNxB/1up4="></latexit>

<latexit sha1_base64="X9VL+5RQLb6vzqpsNPAgM2ekraE="></latexit><latexit sha1_base64="X9VL+5RQLb6vzqpsNPAgM2ekraE="></latexit><latexit sha1_base64="X9VL+5RQLb6vzqpsNPAgM2ekraE="></latexit><latexit sha1_base64="JNnG3QcXge5cDNkST9ERgLNvMT8="></latexit><latexit sha1_base64="PaJA+6ax5hhK54IgkQPtCfrSbBA="></latexit><latexit sha1_base64="PaJA+6ax5hhK54IgkQPtCfrSbBA="></latexit><latexit sha1_base64="xA4qFKHavaUNrnx6QnadDLVUd0g="></latexit><latexit sha1_base64="X9VL+5RQLb6vzqpsNPAgM2ekraE="></latexit><latexit sha1_base64="X9VL+5RQLb6vzqpsNPAgM2ekraE="></latexit><latexit sha1_base64="X9VL+5RQLb6vzqpsNPAgM2ekraE="></latexit><latexit sha1_base64="X9VL+5RQLb6vzqpsNPAgM2ekraE="></latexit><latexit sha1_base64="X9VL+5RQLb6vzqpsNPAgM2ekraE="></latexit><latexit sha1_base64="X9VL+5RQLb6vzqpsNPAgM2ekraE="></latexit>

+
2 lines

Ans. : 72 combina>ons

How many combina>ons?



Building a magnet from SM (+ BSM)

56

<latexit sha1_base64="xaoE1xtsM/MFW4cOMN/d2G6Z8Bs="></latexit><latexit sha1_base64="xaoE1xtsM/MFW4cOMN/d2G6Z8Bs="></latexit><latexit sha1_base64="xaoE1xtsM/MFW4cOMN/d2G6Z8Bs="></latexit><latexit sha1_base64="xaoE1xtsM/MFW4cOMN/d2G6Z8Bs="></latexit>

<latexit sha1_base64="RPEZpekkuiFi5lQ+2fhNxB/1up4="></latexit><latexit sha1_base64="RPEZpekkuiFi5lQ+2fhNxB/1up4="></latexit><latexit sha1_base64="RPEZpekkuiFi5lQ+2fhNxB/1up4="></latexit><latexit sha1_base64="JNnG3QcXge5cDNkST9ERgLNvMT8="></latexit><latexit sha1_base64="D7GrAYdElxw4p3qy3dQhhtdu9+Y="></latexit><latexit sha1_base64="D7GrAYdElxw4p3qy3dQhhtdu9+Y="></latexit><latexit sha1_base64="Ds2tq9nTO5oOa1p3WB0EU+Vq8N4="></latexit><latexit sha1_base64="RPEZpekkuiFi5lQ+2fhNxB/1up4="></latexit><latexit sha1_base64="RPEZpekkuiFi5lQ+2fhNxB/1up4="></latexit><latexit sha1_base64="RPEZpekkuiFi5lQ+2fhNxB/1up4="></latexit><latexit sha1_base64="RPEZpekkuiFi5lQ+2fhNxB/1up4="></latexit><latexit sha1_base64="RPEZpekkuiFi5lQ+2fhNxB/1up4="></latexit><latexit sha1_base64="RPEZpekkuiFi5lQ+2fhNxB/1up4="></latexit>

<latexit sha1_base64="X9VL+5RQLb6vzqpsNPAgM2ekraE="></latexit><latexit sha1_base64="X9VL+5RQLb6vzqpsNPAgM2ekraE="></latexit><latexit sha1_base64="X9VL+5RQLb6vzqpsNPAgM2ekraE="></latexit><latexit sha1_base64="JNnG3QcXge5cDNkST9ERgLNvMT8="></latexit><latexit sha1_base64="PaJA+6ax5hhK54IgkQPtCfrSbBA="></latexit><latexit sha1_base64="PaJA+6ax5hhK54IgkQPtCfrSbBA="></latexit><latexit sha1_base64="xA4qFKHavaUNrnx6QnadDLVUd0g="></latexit><latexit sha1_base64="X9VL+5RQLb6vzqpsNPAgM2ekraE="></latexit><latexit sha1_base64="X9VL+5RQLb6vzqpsNPAgM2ekraE="></latexit><latexit sha1_base64="X9VL+5RQLb6vzqpsNPAgM2ekraE="></latexit><latexit sha1_base64="X9VL+5RQLb6vzqpsNPAgM2ekraE="></latexit><latexit sha1_base64="X9VL+5RQLb6vzqpsNPAgM2ekraE="></latexit><latexit sha1_base64="X9VL+5RQLb6vzqpsNPAgM2ekraE="></latexit>

+
3 lines

Ans. : 891 combinations

How many combinations?
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<latexit sha1_base64="xaoE1xtsM/MFW4cOMN/d2G6Z8Bs="></latexit><latexit sha1_base64="xaoE1xtsM/MFW4cOMN/d2G6Z8Bs="></latexit><latexit sha1_base64="xaoE1xtsM/MFW4cOMN/d2G6Z8Bs="></latexit><latexit sha1_base64="xaoE1xtsM/MFW4cOMN/d2G6Z8Bs="></latexit>

<latexit sha1_base64="RPEZpekkuiFi5lQ+2fhNxB/1up4="></latexit><latexit sha1_base64="RPEZpekkuiFi5lQ+2fhNxB/1up4="></latexit><latexit sha1_base64="RPEZpekkuiFi5lQ+2fhNxB/1up4="></latexit><latexit sha1_base64="JNnG3QcXge5cDNkST9ERgLNvMT8="></latexit><latexit sha1_base64="D7GrAYdElxw4p3qy3dQhhtdu9+Y="></latexit><latexit sha1_base64="D7GrAYdElxw4p3qy3dQhhtdu9+Y="></latexit><latexit sha1_base64="Ds2tq9nTO5oOa1p3WB0EU+Vq8N4="></latexit><latexit sha1_base64="RPEZpekkuiFi5lQ+2fhNxB/1up4="></latexit><latexit sha1_base64="RPEZpekkuiFi5lQ+2fhNxB/1up4="></latexit><latexit sha1_base64="RPEZpekkuiFi5lQ+2fhNxB/1up4="></latexit><latexit sha1_base64="RPEZpekkuiFi5lQ+2fhNxB/1up4="></latexit><latexit sha1_base64="RPEZpekkuiFi5lQ+2fhNxB/1up4="></latexit><latexit sha1_base64="RPEZpekkuiFi5lQ+2fhNxB/1up4="></latexit>

<latexit sha1_base64="X9VL+5RQLb6vzqpsNPAgM2ekraE="></latexit><latexit sha1_base64="X9VL+5RQLb6vzqpsNPAgM2ekraE="></latexit><latexit sha1_base64="X9VL+5RQLb6vzqpsNPAgM2ekraE="></latexit><latexit sha1_base64="JNnG3QcXge5cDNkST9ERgLNvMT8="></latexit><latexit sha1_base64="PaJA+6ax5hhK54IgkQPtCfrSbBA="></latexit><latexit sha1_base64="PaJA+6ax5hhK54IgkQPtCfrSbBA="></latexit><latexit sha1_base64="xA4qFKHavaUNrnx6QnadDLVUd0g="></latexit><latexit sha1_base64="X9VL+5RQLb6vzqpsNPAgM2ekraE="></latexit><latexit sha1_base64="X9VL+5RQLb6vzqpsNPAgM2ekraE="></latexit><latexit sha1_base64="X9VL+5RQLb6vzqpsNPAgM2ekraE="></latexit><latexit sha1_base64="X9VL+5RQLb6vzqpsNPAgM2ekraE="></latexit><latexit sha1_base64="X9VL+5RQLb6vzqpsNPAgM2ekraE="></latexit><latexit sha1_base64="X9VL+5RQLb6vzqpsNPAgM2ekraE="></latexit>

+

How many combinations?

4 lines

Ans. : 12672 combinations!



Examples of 12672 combinations

58
T. Aoyama, T. Kinoshita, M. Nio, Atoms 7, 28 (2019)



59

T. Aoyama, T. Kinoshita, M. Nio, Atoms 7, 28 (2019)



Electron’s anomalous magnetic moment ae
• In the standard model,

• QED contributions can be written as

• where



Electron’s anomalous magnetic moment ae

• A1(n) is know up to n = 10

(1948)  Schwinger 

(1957)  Sommerfield, Petermann
(1995)  Laporta and Remiddi

Kinoshita,Nio
Hayakawa, Aoyama



Basking in the Reflected Glow of Theorists

KinoshitaRemiddi Gabrielse
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Slide by G. Gabrielse



Electron’s anomalous magne0c moment ae
• Harvard group measured with cylindrical Penning trap

• Aoyama, Kinoshita, Nio completed 10th order QED 
calculations. Together with non-QED contributions one 
obtains

ae = 1 159 652 180.73(28)⇥ 10�12

T. Aoyama, T. Kinoshita, M. Nio, Atoms, 7(1), 28 (2019)

10th order  had�EW α(Cs)
ae = 1 159 652 181.606 (11)(11)(229)⇥ 10�12

<latexit sha1_base64="DNoXZ6UK1hn+Cg/SqWtUU5dIddk="></latexit>

�ae = ae(exp)� ae(SM) = �0.88 (36)⇥ 10�12
<latexit sha1_base64="vLJiV3YiCS3DLWFawSs3rK6D2Uk="></latexit>



Fine structure constant: α

• One can extract α from ae assuming the SM is valid.

Precision test of QED and internal consistency of Quantum Mechanics

ae (Harvard) 2008

G. Gabrielse, S. E. Fayer, T.G. Myers and X. Fan, Atoms 7, 45 (2019)

PRL 106, 080801

Science, 360, 191

Quantum loops

Atomic physics



Prof. T. Kinoshita gave a seminar on 10th order QED corrections at KEK, 
2012



Anomalous magnetic moment of 
muon

66



Lepton g-2
• Contributions to lepton g-2 can be written as

al(X) ⇠ CX

✓
ml

⇤X

◆2
γ

µ µ

1

lepton leptonX
Cx : Coupling strength
Λ : Mass Scale

Much larger contributions
to muon than electron.

Even larger for tau, but difficult to measure.

✓
mµ

me

◆2

⇠ 43, 000

✓
m⌧

mµ

◆2

⇠ 170



Standard Model prediction for electron g − 2

QED contribution 115 965 218 00.7 (0.6)4loop(0.4)5loop(7.6)α (using α(87Rb)) Aoyama et al

EW contribution 0.385 (0.004) Czarnecki et al

Hadronic contributions

LO hadronic 18.66 (0.11) DN & TT (was 18.75(0.18) Davier et al, ’98)

NLO hadronic −2.23 (0.01) DN & TT (was −2.25(0.05) Krause, ’97)

light-by-light 0.39 (0.13) Jegerlehner+Nyffeler

Theory total 115 965 218 17.9 (0.6)4loop(0.4)5loop(0.2)had(7.6)α

Experiment 115 965 218 07.3 (2.8) Gabrielse et al

Theory − Exp 10.6 (8.1) 1.3σ discrepancy

(in units of 10−13. Numbers taken from Giudice+Paradisi+Passera, arXiv:1208.6583)

n.b.: hadronic contributions:. .

. .had.

LO

e
had.

NLO

e
γ

had.

l-by-l

e

D. Nomura (Tohoku U) Hadronic contributions to lepton g − 2 Sept. 19, 2012 20 / 23

Introduction: Standard Model prediction for muon g − 2

QED contribution 11 658 471.808 (0.015) Kinoshita & Nio, Aoyama et al

EW contribution 15.4 (0.2) Czarnecki et al

Hadronic contributions

LO hadronic 694.9 (4.3) HLMNT11

NLO hadronic −9.8 (0.1) HLMNT11

light-by-light 10.5 (2.6) Prades, de Rafael & Vainshtein

Theory TOTAL 11 659 182.8 (4.9)

Experiment 11 659 208.9 (6.3) world avg

Exp − Theory 26.1 (8.0) 3.3 σ discrepancy

(in units of 10−10. Numbers taken from HLMNT11, arXiv:1105.3149)

n.b.: hadronic contributions:
. .

. .

had.

LO

µ

had.

NLO

µ

γ
had.

l-by-l

µ

D. Nomura (YITP, Kyoto U.) Theoretical updates on muon g − 2 June 25, 2015 2 / 39

electron
(in unit of 10-13)

muon
(in unit of 10-10)

Comparison of SM contributions

Numbers are from slides by D. Nomura
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(x 4.0E+4)

(x 4.3E+3)

(x 3.7E+4)

(x 2.7E+4)

(x 1.005)

Numbers are from slides by D. Nomura



Hadronic contributions to aμ

70

Introduction for ahad,LO
µ

The diagram to be evaluated:

.

.

.

.

had.
µ

pQCD not useful. Use the dispersion
relation and the optical theorem.

.

.

.

.

had.
=

∫
ds

π(s−q2)
Im

had.

2 Im
had.

=

∑
dΦ

∫ 2

had.

ahad,LO
µ =

m2
µ

12π3

∫ ∞

sth

ds
1
s
K̂(s)σhad(s)

0

250

500

750

1000

1250

1500

1750

2000

2250

2500

1 10

J/ψ ψ(2S) ϒ

√s (GeV)
(2

 α
2 / 3

 π
2 ) 

K
(s

) 
R

(s
) 
×

 1
010

0.2 –0.2 1 10√
s (GeV)

• Weight function K̂(s)/s = O(1)/s
=⇒ Lower energies more important
=⇒ π+π− channel: 73% of total ahad,LO

µ

D. Nomura (YITP) Indirect searches for new physics Nov. 28, 2013 64 / 86

Slide by D. Nomura



γ*
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dr
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e+

e-

2



Building the hadronic R-ratio

6 12/03/18 Alex Keshavarzi | The muon g-2: !"had, VP update from KNT



• Dominant uncertainty on 
aμ(had,LO) comes from 
uncertainty (inconsistency) 
on e+e- data.

• Data from BESIII, VEPP-
2000, (and Belle-II in the 
future) is critical to 
improve the situation.

73

CriIcal inputs : e+e- à π+π- cross secIon

11.11.2015 (g-2)  CM11 11

11

2013 data Expected statistical 
error for 2013 data

ee   : preliminary results

Target for 
systematics is 0.35%

|F|2

(Nμμ /Nππ )exp

(Nμμ /Nππ )QED

by momentum

by energy 
deposition

Slide by Boris Shwartz (BINP)

Phys. Lett. B 753, 629 (2016)

Hagiwara et al., J. Phys. G: Nucl. Part. Phys. 38 (2011) 085003 



BES-III and Babar,KLOE data
Phys. Lett. B 753, 
629 (2016)



!"had, VP from KNT18 [KNT18: Phys. Rev. D 97 (2018) 114025]

21 12/03/18 Alex Keshavarzi | The muon g-2: !"had, VP update from KNT

KNT18 only: excluding preliminary updates (slides 15-17)



Status of HVP determinations

No new physics
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Slide by Christoph Lehner (BNL) in Schwingerfest, UCLA, Dec 2018 

New avenue: LaHce QCD calculaJons

http://bhaumik-institute.physics.ucla.edu/workshops2.html


Electro-Weak contribu1ons

One Loop

Two Loop

Czarnecki, Krause, Marciano, Vainshtein;   Knecht, Peris, Perrottet, de Rafael;

aμ
EW(1+2) = (154�2)�10-11

aμ
EW(1+2) = (153.6�1.0)�10-11

with

with

Gnendiger+Stoeckinger+S-Kim, Phys.Rev.D.88 (2013)



Theory collaboration
“Muon g-2 theory initiative”

meets at Mainz, June 18-22, 2018
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KEK, Feb 2018

https://indico.him.uni-mainz.de/event/11/overview

Next meeting : INT, University of Washington, Seattle) 9-13 September 2019.



It should be noted that the negative NLO contribution results
in an anticorrelation between its uncertainty and the uncer-
tainty from the LO contribution, consequently resulting in a
slight reduction in the overall uncertainty that has been
incorporated into Eq. (3.34).
The hadronic LbL contributions, although small compared

to the hadronic vacuum polarization sector, have, in the past,
beendetermined throughmodel-dependent approaches.These
are based on meson exchanges, the large Nc limit, ChPT
estimates, short distance constraints from the operator product
expansion, andpQCD.Over time, several different approaches
to evaluating ahad;LbLμ have been attempted, resulting in good
agreement for the leading Nc (π0 exchange) contribution, but
differing for subleading effects. A commonly quoted deter-
mination of the LbL contribution is the “Glasgow consensus”
estimate of ahad;LbLμ ðGlasgow consensusÞ ¼ ð10.5 $ 2.6Þ ×
10−10 [101] (alternatively, see [102–105]). However, recent
works [106–108] have reevaluated the contribution toahad;LbLμ

due to axial exchanges, where it has been found that this
contribution has, in the past, been overestimated due to an
incorrect assumption that the form factors for the axial meson
contribution are symmetric under the exchange of two photon
momenta [106]. Under this assumption, the determination in
[102] previously found the axial vector contribution to be
ahad;LbL;axialμ ¼ð2.2$ 0.5Þ×10−10. Correcting this reduces this
contribution to ahad;LbL;axialμ ¼ð0.8$ 0.3Þ×10−10 [106,107].
Applying this adjustment to theGlasgow consensus result, the
estimate in [108] finds

ahad;LbLμ ¼ ð9.8 $ 2.6Þ × 10−10; ð3:35Þ

which is the chosen estimate for ahad;LbLμ in this work. This
result is notably lower than the previously accepted LbL
estimates and will incur an overall downward shift on aSMμ . It
is, however, still within the original uncertainties when
comparing with the original Glasgow consensus estimate.
Alternatively, it should be noted that the estimate of
ahad;LbLμ ¼ ð10.2 $ 3.9Þ × 10−10 [108,109], which is a result
that is independent of the Glasgow consensus estimate,
could be employed here. In addition, the recent work [105]
has provided an estimate for the next-to-leading order
hadronic LbL contribution. It has found ahad;NLO-LbLμ ¼
ð0.3 $ 0.2Þ × 10−10, which does not alter the hadronic
LbL contribution significantly, but is taken into account
in the full SM prediction given below.
Much work has also been directed at the possibility of a

model independent calculation of ahad;LbLμ to further consoli-
date the SM prediction of aμ. One approach involves the
measurement of transition form factors by KLOE-2 and
BESIII, which can be expected to constrain the leading
pseudoscalar-pole (π0, η; η0) contribution to a precision of
approximately 15% [108]. Alternatively, the pion transition
formfactor (π0 → γ%γ%) canbecalculated on the lattice for the
same purpose [110]. New efforts into the prospects of

determining ahad;LbLμ using dispersive approaches are also
very promising [111–116], where the dispersion relations are
formulated to calculate either thegeneral hadronicLbL tensor
or to calculate ahad;LbLμ directly. These approaches will allow
for the determination of the hadronic LbL contributions from
experimental data and, at the very least, will invoke stringent
constraints on future estimates. Last, there has been huge
progress in developingmethods for a direct lattice simulation
of ahad;LbLμ [110,117–123]. With a proof of principle already
well established, an estimate of approximately 10% accuracy
seems possible in the near future. Considering these develop-
ments and the efforts of the Muon g − 2 Theory Initiative
[124] to promote the collaborative work of many different
groups, the determination of ahad;LbLμ on the level of the
Glasgowconsensuswill, at thevery least, be consolidated and
a reduction of the uncertainty seems highly probable on the
time scales of the new g − 2 experiments.
Following Eq. (3.31), the sum of all the sectors of the SM

results in a total value of the anomalous magnetic moment
of the muon of

aSMμ ¼ ð11659182.04 $ 3.56Þ × 10−10; ð3:36Þ
where the uncertainty is determined from the uncertainties
of the individual SM contributions added in quadrature.
Comparing this with the current experimental measurement
given in Eq. (1.1) results in a deviation of

Δaμ ¼ ð27.06 $ 7.26Þ × 10−10; ð3:37Þ
corresponding to a 3.7σ discrepancy. This result is compared
with other determinations of aSMμ in Fig. 25. In particular, a
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FIG. 25. A comparison of recent andprevious evaluations ofaSMμ .
The analyses listed in chronological order are DHMZ10 [84], JS11
[85], HLMNT11 [9], FJ17 [79], and DHMZ17 [78]. The prediction
from this work is listed as KNT18, which defines the uncertainty
band that other analyses are compared to. The current uncertainty
on the experimental measurement [1–4] is given by the light blue
band. The light grey band represents the hypothetical situation of
the new experimental measurement at Fermilab yielding the same
mean value for aexpμ as the BNL measurement, but achieving the
projected fourfold improvement in its uncertainty [5].
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E821 2004

A. Keshavarzi, D. Nomura, T. Teubner, Phys. Rev. D 97, 114025 (2018)

Note that electron g-2 is consistent with the SM.



Principle of measurements
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Precession

81

Courtesy: LucasVB
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Equation of spin precession
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d~s

dt
= ~⌦⇥ ~s

Rotation
axis

spin
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Dipole moments and E- and B-field

Magnetic Dipole Moment

Electric Dipole Moment

CP even

CP odd

g, h: dimension less quantities

EM fields introduces a torque on dipole moments



Spin precession in EM field

• In particle rest frame,
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How about spin equation of motion in laboratory frame for moving particle?
J.D. Jackson, Classical Electrodynamics (3rd edition),p 561-565
T. Fukuyama, A. Silenko, Int. J. of Mod. Phys. A 28 1350147 (2013), arXiv:1308.1580
E. Won, private communications



Rotation of momentum (ωc) and spin (ωs)
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rotation by ωc
rota8on by ωs

Uniform B-field
�perpendicular to 
the screen�



Angular rotation vectors
• Analytic expressions for ωs, ωc
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a term with γ vanished!

c

c



Meaning of the difference ωs - ωc
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rotation by ωc
rotation by ωs

ωs – ωc is an 
angle between
two vectors

Uniform B-field
�perpendicular to 
the screen�



Anomalous precession vector
• Difference of two vectors ωs, ωc

• If we require
• then, we obtain

here we define aμ=(g-2)/2.
88

c



Anomalous precession vector
• If we require
• then, we obtain

here we define aμ=(g-2)/2.
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Beauties of this equation�
�”g” always appears as (g-2)
�only sensitive to g-2. g-2 << g, 1/1000�

�The first term doesn’t include Lorentz gamma factor
�insensitive to momentum and its distribution�

�Allows us high-precession measurement if the 2nd term is suppressed



muon g-2 and EDM measurements
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BNL E821 approach
γ=30 (P=3 GeV/c)

J-PARC approach
E = 0 at any γ

J-PARC E34

general form of spin precession vector:

FNAL E989


